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Abstract
The projective plane of order 11 is the dominant focus of this work. The motivation for
working in the projective plane of order 11 is twofold. First, it is the smallest projective
plane of prime power order such that the size of the largest (n, r)-arc is not known for all
r ∈ {2, . . . , q + 1}. It is also the smallest projective plane of prime order such that the
(n, 3)-arcs are not classified. Second, the number of (n, 3)-arcs is significantly higher in the
projective plane of order 11 than it is in the projective plane of order 7, giving a large number
of (n, 3)-arcs for study.
The main application of (n, r)-arcs is to the study of linear codes.
As a forerunner to the work in the projective plane of order eleven two algorithms are
used to raise the lower bound on the size of the smallest complete n-arc in the projective
plane of order thirty-one from 12 to 13.
This work presents the classification up to projective equivalence of the complete (n, 3)-
arcs in PG(2, 11) and the backtracking algorithm that is used in its construction. This
algorithm is based on the algorithm used in [3]; it is adapted to work on (n, 3)-arcs as op-
posed to n-arcs. This algorithm yields one representative from every projectively inequivalent
class of (n, 3)-arc. The equivalence classes of complete (n, 3)-arcs are then further classified
according to their stabilizer group.
The classification of all (n, 3)-arcs up to projective equivalence in PG(2, 11) is the foun-
dation of an exhaustive search that takes one element from every equivalence class and
determines if it can be extended to an (n′, 4)-arc. This search confirmed that in PG(2, 11)
no (n, 3)-arc can be extended to a (33, 4)-arc and that subsequently m4(2, 11) = 32. This
same algorithm is used to determine four projectively inequivalent complete (32, 4)-arcs,
extended from complete (n, 3)-arcs.
Various notions under the general title of symmetry are defined both for an (n, r)-arc and
for sets of points and lines. The first of these makes the classification of incomplete (n, 3)-
arcs in PG(2, 11) practical. The second establishes a symmetry based around the incidence
structure of each of the four projectively inequivalent complete (32, 4)-arcs in PG(2, 11);
this allows the discovery of their duals. Both notions of symmetry are used to analyze the
incidence structure of n-arcs in PG(2, q), for q = 11, 13, 17, 19.
The penultimate chapter demonstrates that it is possible to construct an (n, r)-arc with
a stabilizer group that contains a subgroup of order p, where p is a prime, without reference
to an (m < n, r)-arc, with stabilizer group isomorphic to Z1. This method is used to find
q-arcs and (q + 1)-arcs in PG(2, q), for q = 23 and 29, supporting Conjecture 6.7.
The work ends with an investigation into the effect of projectivities that are induced by
a matrix of prime order p on the projective planes. This investigation looks at the points
and subsets of points of order p that are closed under the right action of such matrices and
their structure in the projective plane. An application of these structures is a restriction on
the size of an (n, r)-arc in PG(2, q) that can be stabilized by a matrix of prime order p.
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Chapter 1
Introduction
1.1 Introduction
The projective plane or order 11 is the dominant focus of this work. The motivation for
working in the projective plane of order 11 is twofold. First, it is the smallest projective
plane of prime power order such that the size of the largest (n, r)-arc is not known for
all r ∈ {2, . . . , q + 1}; Table 1.1 shows that in PG(2, 11) the size of the largest (n, 4)-arc,
(n, 5)-arc, (n, 9)-arc and (n, 10)-arc is unknown. It is also the smallest projective plane of
prime order such that the (n, 3)-arcs are not classified; in [11] the (n, 3)-arcs in PG(2, 7) are
classified. Second, the number of (n, 3)-arcs is significantly higher in the projective plane of
order 11 than it is in the projective plane of order 7, giving a large number of (n, 3)-arcs for
study; in PG(2, 7) there are only a few thousand classes of projectively equivalent (n, 3)-arcs
and in PG(2, 11) there are more than 252 million.
The main application of (n, r)-arcs is to the study of linear codes, as an (n, n− d)-arc in
PG(k − 1, q) is equivalent to an [n, k, d]q-code; details are given in Section 1.9.
In Chapters 2, 3, 4, 5, 6, 7 and 8, the research on which this thesis is based is described as it
evolved over time. The remainder of Chapter 1 introduces all those ideas from Group Theory,
Finite Field Theory and Projective Geometry that are needed for a full understanding of
later chapters.
Chapters 2 and 3 feature the classification of (n, r)-arcs in the projective plane up to pro-
jective equivalence. In Chapter 2, n-arcs are classified in PG(2, 29). In Chapter 3, (n, 3)-arcs
are classified in PG(2, 11). In both Chapters 2 and 3, an adapted version of the algorithm
that is introduced in [3] is used for implementing the classification. This algorithm is de-
scribed fully in Chapter 3 including ideas for its improvement that developed during its
implementation.
In Chapter 2, n-arcs are classified up to projective equivalence, for n ≤ 8 and a new
algorithm is used to expand these 8-arcs to 12-arcs and 13-arcs, for the purpose of determin-
ing the existence of complete 12-arcs and complete 13-arcs; the previously known smallest
complete n-arc in PG(2, 29) consisted of 14 points. This was partially successful as this algo-
rithm determined the non-existence of complete 12-arcs but it is too inefficient to determine
the non-existence of complete 13-arcs on a single PC in a reasonable amount of time.
Chapter 3 features the full classification of (n, 3)-arcs in PG(2, 11) up to projective equiv-
alence and a further classification of complete (n, 3)-arcs as determined by their stabilizer
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group. Sections 1.2.3 - 1.2.10 give a description of all groups of order less than or equal to 24
up to isomorphism and all the groups of larger order that are present in this classification.
In Chapter 4, the classification of (n, 3)-arcs in PG(2, 11) up to projective equivalence,
as presented in Chapter 3, is used in a new algorithm to determine that no (n, 3)-arc can
be extended to a (33, 4)-arc. By the existence of a (32, 4)-arc, the largest (n, 4)-arcs in
PG(2, 11) consists of 32 points. This same algorithm is used to determine that there are
4 classes of projectively equivalent complete (32, 4)-arcs that are attainable by extending
complete (n, 3)-arcs and these are described in Section 4.2.
From an investigation into the equations of Lemma 1.62, an idea called symmetry has
been developed together with supporting notation; this idea of symmetry is a relationship
between lines as described by the points with which they are incident and points as described
by the lines with which they are incident, all in relation to a given (n, r)-arc in PG(2, q).
This relationship is described fully in Chapter 5 together with an extended example showing
the symmetry between the first of the four (32, 4)-arcs in PG(2, 11) and its duals; brief
descriptions of the duals of the other three (32, 4)-arcs in PG(2, 11) are also given.
A link between the symmetrical properties of (n, r)-arcs in PG(2, q) and their stabilizer
groups is explored in Chapter 6, with a number of questions posed and conjectures formu-
lated. This link is used to finish the work of classifying (n, 3)-arcs in PG(2, 11) by classifying
all incomplete (n, 3)-arcs by their stabilizer group as described in Chapter 6. Information
linking the symmetrical properties of n-arcs with their stabilizer group is displayed, for
q = 11, 13, 17, 19. Conjectures are formulated about the continuation of these links to higher
values of q.
The ideas in Chapter 7 demonstrate that it is possible to classify all (n, r)-arcs in PG(2, q)
that possess a stabilizer group with a subgroup that is isomorphic to Zp, where p is a prime,
without the need to calculate every (m < n, r)-arc with stabilizer group isomorphic to Z1,
which constitutes the majority of cases. Tests have demonstrated that q-arcs and q+1-arcs in
PG(2, 23) and PG(2, 29) as well as (23, 3)-arcs in PG(2, 13) can be very quickly constructed
using this method.
The final chapter determines the effect of projectivities induced by a matrix of prime
order p on the projective planes. In particular it determines how many points are closed
under the right action of such a matrix and their structure; all other points are in a subset of
order p that is closed under the right action of this matrix. This information is determined,
for all p > 3, with p = 2 and p = 3 handled as special cases. The structure of the points in
PG(2, q) that are closed under the right action of such prime order matrices, for differing
instances of p and q are interesting in their right, but it is studied here as it provides a good
starting point from which to work on the symmetrical properties described in Chapters 5 and
6. An application of these structures is a restriction on the size of an (n, r)-arc in PG(2, q)
that can be stabilized by a matrix of prime order p.
1.2 Group Theory
Definitions 1.1, 1.2 and 1.3 describe three different types of map from a group G into a group
H that preserve the structure of G in H.
4 Arcs in a Finite Projective Plane
1.2.1 Mappings and the Automorphism Group
Let S and T be finite sets that are closed under some binary operations; possibly groups or
fields.
Definition 1.1. A map f : S → T is called a homomorphism of S into T if and only if
(s1s2)f = (s1)f(s2)f,
for all s1, s2 ∈ S.
Definition 1.2. A homomorphism f : S → T is called an isomorphism of S into T if and
only if f is a bijection. Two sets S and T are called isomorphic if and only if there exists an
isomorphism between them; such a relationship is denoted S ∼= T .
Definition 1.3. An isomorphism of S into S is called an automorphism of S.
The automorphism group of S aut(S) is the set of all automorphisms of S together with
the operation of composition of maps. So, for f1, f2 ∈ aut(S), (s)f1f2 = ((s)f1)f2, ∀s ∈ S.
The identity of aut(S) is i, where (s)i = s, ∀s ∈ S and for every f ∈ aut(S) there exists an
f−1 ∈ aut(S) such that ((s)f)f−1 = ((s)f−1)f = s, ∀s ∈ S.
1.2.2 Cyclic groups
Let G be a finite group that contains an element g of order m. The subgroup Cm is generated
by a single element of G; that is,
Cm = 〈g〉 = {1, g, g2, . . . , gm−1}.
Multiplication is determined by the rule
gagb = g(a+b) (mod m), ∀a, b ∈ Nm−1.
The identity is 1 and (ga)−1 = gm−a, ∀a ∈ Nm−1.
The group G is called the cyclic group of order m if and only if G = Cm. The cyclic group
of order m is isomorphic to the additive group of integers modulo m; that is, Cm ∼= Zm.
Notation 1.4. Throughout this work Nn = {1, . . . , n} and Nn = {0, 1, . . . , n}.
1.2.3 Permutation groups
Definition 1.5. A permutation of the set Nn is a bijection α : Nn → Nn. The set of all
permutations of degree n is denoted Sn.
Proposition 1.6. The set Sn together with the operation of composition of maps is a non-
Abelian group and is called the symmetric group of degree n.
Definition 1.7. The alternating group of degree n, denoted An, is the subgroup of Sn
consisting of all even permutations.
The permutation group Sn has order n!. The alternating group An has order
1
2
n!. The
groups S3, A4 and S4 are used in the Chapter 3 and Chapter 5 classifications.
Note 1.8. For a full description of the symmetric group and the alternating group see [9,
Chapter 4].
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1.2.4 The Direct Product
Definition 1.9. The exterior direct product of the set of groups G1, G2, . . . , Gn, denoted
G = G1 ×G2 × . . .×Gn is the set
{(g1, g2, . . . , gn) : gi ∈ Gi}.
The set G together with the composition law
(g1, g2, . . . , gn)(h1, h2, . . . , hn) = (g1h1, g2h2, . . . , gnhn)
form a group with identity element
(1G1 , 1G2 , . . . , 1Gn)
and inverse
(g1, g2, . . . , gn)
−1 = (g−11 , g
−1
2 , . . . , g
−1
n ).
Proposition 1.10. Let H1, H2, . . . , Hn be subgroups of the group G such that
(i) hihj = hjhi, where hi ∈ Hi, hj ∈ Hj and i 6= j,
(ii) G = H1H2 . . . Hn,
(iii) Hi ∩H1H2 . . . Hi−1Hi+1 . . . Hn = 1.
Then G is isomorphic to H1 ×H2 × · · · ×Hn.
Proof See [9, 2.7.3 Proposition 9]. 
Definition 1.11. If G is a group that satisfies the conditions of Proposition 1.10, then G is
called the interior direct product of the groups H1, H2, . . . , Hn.
The order of the direct product is given by
|H1 ×H2 × · · · ×Hn| =
i=1∏
n
|Hi| .
1.2.5 The Semidirect Product
Definition 1.12. A group G with subgroups N and H such that
(i) N / G,
(ii) G = NH,
(iii) N ∩H = 1,
is called a semidirect product of N by H, denoted N oH. The order of G is |N |×|H|.
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The operation of multiplication of elements in the semidirect product is now constructed.
Consider a map ϕ from the subgroup H to aut(N) that is defined by ϕ(h) = ϕh, where
ϕh(n) = hnh
−1, ∀h ∈ H,n ∈ N .
Definition 1.13. For given N,H and ϕ : H → aut(N), a semidirect product G of N by H
is said to realize ϕ if and only if
ϕh(n) = hnh
−1, ∀n ∈ N.
Definition 1.14. For N,H and ϕ : H → aut(N) given, N oϕ H is the set N ×H together
with the operation of multiplying elements (n1, h1), (n2, h2) ∈ N oϕ H that is defined by
(n1, h1)(n2, h2) = (n1ϕh1(n2), h1h2),
where ϕh1(n2) = h1n2h
−1
1 ∈ N .
Theorem 7.12 in [12] proves that N oϕH is a semidirect product of N by H that realizes
ϕ and Theorem 7.13 in [12] proves that if G is a semidirect product of N by H, then G is
isomorphic to N oϕ H, for some ϕ : H → aut(N).
Hence, Definition 1.13 and Definition 1.14 combine to show that N , H and ϕ determine
G up to isomorphism.
Notation 1.15. Using the notation nh in place of (n, h), the multiplication in Definition
1.14 is expressed as
n1h1n2h2 = n1h1n2h
−1
1 h1h2 = n1ϕh1(n2)h1h2.
Note 1.16. If G is the semidirect product of N by H that realizes ϕ, then G is either
non-Abelian or ϕh(n) = hnh
−1 = n, in which case G is the interior direct product of the
subgroups N and H.
Example 1.17. The modular group, denoted H1 in the classification, is the semidirect
product of Z8 by Z2 that realizes ϕ and is generated by〈
(n, h) | n8 = h2 = 1, ϕh(n) = n5
〉
,
where n ∈ Z8 and h ∈ Z2.
The group H1 has order 16. The element 1 has order 1, the elements n
4, h and n4h have
order 2, the elements n2, n6, n2h and n6h have order 4 and the elements n, n3, n5, n7, nh,
n3h, n5h and n7h, have order 8.
Example 1.18. The quasihedral group, denoted H2 in the classification, is the semidirect
product of Z8 by Z2 that realizes ϕ and is generated by〈
(n, h) | n8 = n2 = 1, ϕh(n) = n3
〉
,
where n ∈ Z8 and h ∈ Z2.
The group H2 has order 16. The element 1 has order 1, the elements n
4h, h, n2h, n4h and
n6h have order 2, the elements n2, n6, nh, n3h, n5h and n7h have order 4 and the elements
n, n3, n5 and n7 have order 8.
Introduction 7
Example 1.19. The group that is denoted H3 in the classification is the semidirect product
of Z4 × Z2 by Z2 that realizes ϕ and is generated by〈
((m,n), h) | m4 = n2 = h2 = 1, ϕh(m) = m, ϕh(n) = m2n, mn = nm
〉
,
where (m,n) ∈ Z4 × Z2 and h ∈ Z2.
The group H3 has order 16. The element 1 has order 1, the elements m
2, n, m2n, h, m2h,
mnh and m3nh have order 2 and the elements m, m3, mn, m3n, mh, m3h, nh and m2nh
have order 4. The square of all elements of order 4 is m2 and the square of all other elements
is 1.
Example 1.20. The group that is denoted H4 in the classification is the semidirect product
of Z4 × Z2 by Z2 that realizes ϕ and is generated by〈
(n, h) | n4 = h4 = 1, ϕh(n) = n3h2, ϕh(n3) = nh2
〉
,
where Z4 × Z2 = {1, n, n2, n3, h2, nh2, n2h2, n3h2} and h ∈ Z2 = {1, h}.
The group H4 has order 16. The element 1 has order 1, the elements n
2, nh, n3h, h2,
n2h2, nh3 and n3h3 have order 2 and the elements n, n3, h, n2h, nh2, n3h2, h3 and n2, h3
have order 4. The elements 1, n2 and h2 are the only squares of H4.
Example 1.21. The group that is denoted H5 in the classification is the semidirect product
of Z4 by Z4 that realizes ϕ and is generated by〈
(n, h) | n4 = h4 = 1, ϕh(n) = n3
〉
.
The group H5 has order 16. The element 1 has order 1, the elements m
2, h2 and m2h2
have order 2 and all other elements have order 4. The elements 1, n2 and h2 are the only
squares of H5.
Example 1.22. The semidirect product of (Z3 × Z3)o Z2 realizes ϕ and is generated by〈
((m,n), h) | m3 = n3 = h2 = 1, mn = nm, ϕh(m) = m2, ϕh(n) = n2
〉
,
where (m,n) ∈ Z3 × Z3 and h ∈ Z2.
The element 1 has order 1, the elements of the form (mi, nj) ((i, j) 6= (0, 0)) have order
3, and all other elements have order 2.
Example 1.23. The Frobenius group of order 20 is the semidirect product of Z5 by Z4 that
realizes ϕ and is generated by〈
(n, h) | n5 = h4 = 1, ϕh(n) = n3
〉
,
where n ∈ Z5 and h ∈ Z4.
The element 1 has order 1, the elements ni (i 6= 0) have order 5, the elements nih2 have
order 2 and all other elements have order 4.
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Example 1.24. The Frobenius group of order 21 is the semidirect product of Z7 by Z3 that
realizes ϕ and is generated by〈
(n, h) | n7 = h3 = 1, ϕh(n) = n4
〉
,
where n ∈ Z7 and h ∈ Z3.
The element 1 has order 1, the elements ni (i 6= 0) have order 7 and all other elements
have order 3.
Example 1.25. The semidirect product of Z3 by Z8 realizes ϕ and is generated by〈
(n, h) | n3 = h8 = 1, ϕh(n) = hnh−1
〉
,
where n ∈ Z3 and h ∈ Z8.
The group Z3oϕZ8 has order 24. The element 1 has order 1, the element h4 has order 2,
the elements n and n2 have order 3, the elements h2 and h4 have order 4, the elements nh4
and n2h4 have order 6, the elements nh2, n2h2, nh6 and n2h6 have order 12 and all other
elements have order 8.
Example 1.26. The semidirect product of Z3 by D4 realizes ϕ and is generated by〈
(n, (h1, h2)) | n3 = h41 = h22 = 1, h2h1h2 = h31, ϕh1(n) = n2, ϕh2(n) = n
〉
,
where n ∈ Z3 and (h1, h2) ∈ D4.
The group Z3oϕD4 has order 24. The element 1 has order 1, the elements n and n2 have
order 3, the elements h1, nh1, n
2h1, h
3
1, nh
3
1 and n
2h31 have order 4, the elements nh
2
1, n
2h21,
nh2, n
2h2, nh
2
1h2 and n
2h21h2 have order 6 and all other elements have order 2.
Example 1.27. The only group of order greater than 24 used in the Chapter 3 classification
is the semidirect of Z19 by Z3 that realize ϕ and is generated by〈
(h, n) | h19 = n3 = 1, ϕh(n) = n7
〉
,
where n ∈ Z19 and h ∈ Z3.
The group Z19 oϕ Z3 has order 57. The element 1 has order 1, the elements ni (i 6= 0)
have order 19 and all other elements have order 3.
1.2.6 Dihedral groups
Definition 1.28. The dihedral group Dn consists of the 2n elements
1 α . . . αn−1
β αβ . . . αn−1β,
where αn = β2 = 1 and
βαβ−1 = α−1 = αn−1. (1.1)
Note 1.29. Equation (1.1) gives
βαiβ−1 = α−i. (1.2)
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Equation (1.2) determines the products
αiαj ∈ Dn,
αiβαj = αiβαjβ−1β = αi−jβ ∈ Dn,
αiβαjβ = αi−jβ2 = αi−j ∈ Dn.
These are sufficient to determine that Dn is closed.
The inverse of αi is αn−i and the inverse of αiβ is αiβ; hence, all elements of the form
αiβ have order 2.
The Dihedral group Dn is isomorphic to the semidirect product of Zn by Z2 that realizes
ϕ and is generated by 〈
(a, b) | an = b2 = 1, ϕb(a) = a−1
〉
,
where a ∈ Zn and b ∈ Z2.
The dihedral groups D4, D5, D6, D7, D8, D9, D10, D11, D12 are used in the Chapter 3
classification.
Example 1.30. For the dihedral group D12, the identity element has order 1 and all twelve
elements of the form αiβ have order 2. The element α6 has order 2, the elements α4 and α8
have order 3, the elements α3 and α9 have order 4, the elements α2 and α10 have order 6
and the elements α, α5, α7 and α11 have order 12.
1.2.7 Dicyclic groups
The Dicyclic Group of order 4n, denoted Q2n is the group generated by〈
(a, b) | a2 = bn, b2n = 1, bab = a〉 .
In general, Q2n consists of the elements
Q2n = {1, a, b, ab, b2, ab2, . . . , b2n−1, ab2n−1}.
The subgroup
H = {1, b, b2, . . . , b2n−1}
is isomorphic to Z2n. Since ba = ab
−1 ⇒ bia = ab−i, the product abiabj becomes a2bj−i =
bn+j−i ∈ H; hence, no subgroup of order 2 exists that does not contain an element of H. The
elements of H have their order determined by Z2n. The equation
(abi)4 = (abiabi)2 = (bnb−ibi)2 = b2n = 1
ensures that all other elements have order 4.
1.2.8 The Special Linear Group SL(2, 3)
The special linear group SL(2, 3) is the group consisting of all 2×2 matrices over the Galois
field of order 3 with determinant 1. The special linear group has order 24 and construction〈
(a, b, c) | a3 = b3 = c2 = abc〉 .
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1.2.9 Groups of large order
In the Chapter 3 classification, there is one complete (19, 3)-arc the automorphism group of
which has order 57; this group is described in Example 1.27. In the Chapter 5 classification,
there is one incomplete (18, 3)-arc the automorphism group of which has order 60. This group
is the alternating group of degree 5, denoted A5.
1.3 Finite Fields
Definition 1.31. A field is a set of elements F such that
(i) the set F together with the operation of addition is an Abelian group with identity
element 0,
(ii) the set F \ {0} together with the operation of multiplication is an Abelian group with
identity element 1,
(iii) the operations of addition and multiplication on the set F are distributive; that is,
f1(f2 + f3) = f1f2 + f1f3 and (f1 + f2)f3 = f1f3 + f2f3, for all f1, f2, f3 ∈ F ,
(iv) the set F has no zero divisors; that is, if f1f2 = 0, then f1 = 0, f2 = 0 or both.
Such a field is denoted 〈F,+,×〉 or for convenience F .
Definition 1.32. Let E be a non-empty subset of the field F . Then E is called a subfield
of F if and only if E is a field under the operations of F . The prime subfield of F is the
intersection of every subfield of F .
Definition 1.33. A finite field or Galois field is a field that contains a finite number of
elements.
Theorem 1.34. The set Zn of integers modulo n, is a field if and only if n is a prime.
Proof See [13, Theorem 16.7]. 
Theorem 1.35. The prime subfield P of a finite field F is isomorphic to the field Zp, where
p is a prime.
Proof The prime subfield P necessarily contains the elements 0 and 1 and so contains the
elements
{1 + 1, 1 + 1 + 1, . . .}.
Since F is finite, there must exist a smallest positive integer p such that
p times︷ ︸︸ ︷
1 + 1 + · · ·+ 1 = 0.
Since a field does not contain zero divisors, p must be a prime. The listed elements of P are
isomorphic to the field Zp; hence, P contains no additional elements. 
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Definition 1.36. The characteristic of a finite field F is p if the prime subfield of F is
isomorphic to the field Zp, where p is a prime.
Theorem 1.37. A finite field F of characteristic p has order pn, where n is a positive
integer.
Proof (Outline). Let [F : P ] = n; that is, the dimension of F over P is n or every basis of
F over P has exactly n elements. If f1, f2, . . . , fn is a basis for F over P , then every element
of F can be expressed uniquely in the form
λ1f1 + λ2f2 + · · ·+ λnfn,
where λi ∈ P . Hence, |F | = pn. 
Theorem 1.38. There exists up to isomorphism exactly one field with order q = pn.
Proof See [13, Theorem 20.3]. 
Note 1.39. Since F\{0} is an Abelian group of order q−1 under multiplication, the order of
every cycle in F\{0} divides q−1; hence, f q−1 = 1 or equivalently f q = f , for all f ∈ F\{0}.
In addition, [13, Theorem 20.8] states that the multiplicative group F\{0} is cyclic, therefore
GF (q) = {0, 1, f, f 2, . . . , f q−2 | f q−1 = 1}.
Construction 1.40. The Galois field of order 2 denoted GF (2) or F2, is constructed as the
residue class of integers modulo 2 and this construction is unique up to isomorphism:
Z2 ∼= F2 = {0, 1 | 2 = 0}.
The Galois field of order p denoted GF (p) or Fp, where p is an odd prime, is constructed as
the residue class of integers modulo p and this construction is unique up to isomorphism:
Zp ∼= Fp = {−(p− 1)/2, . . . ,−1, 0, 1, . . . , (p− 1)/2 | p = 0}.
The Galois field of order pn denoted GF (pn) or Fpn , where p is a prime, is constructed as
Fp[T ]/(F (T )), where F (T ) is a monic irreducible polynomial of degree n over Fp and this
construction is unique up to isomorphism:
Fpn = {a0 + a1t+ · · ·+ an−1tn−1 | ai ∈ Fp, F (t) = 0}.
Example 1.41. The first example is the field F11 which is used throughout this work; the
second field has prime power order.
(1) F11 = {−5,−4,−3,−2,−1, 0, 1, 2, 3, 4, 5 | 11 = 0}.
(2) F8 = {0, 1 = t7, t, t2, t3 = t2 + 1, t4 = t2 + t+ 1, t5 = t+ 1, t6 = t2 + t |
F (t) = t3 + t2 + 1 = 2 = 0}.
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1.3.1 Automorphisms and the Frobenius Automorphism
For a field F , consider the map φ : GF (ph)→ GF (ph), where fφ = fp, for f ∈ F , from which
are derived the maps φi : GF (ph)→ GF (ph), where fφi = fpi , for f ∈ F and i = 2, . . . , h−1.
Proposition 1.42. The maps φi are automorphisms of GF (ph) and the Frobenius automor-
phism φ generates the automorphism group for the Galois field of order ph; that is,
aut(GF (ph)) = {1, φ, φ2, . . . , φh−1}.
Hence, aut(GF (ph)) is isomorphic to Zh.
Proof The maps φi are homomorphic since
(f1f2)φ
i = (f1f2)
pi = fp
i
1 f
pi
2 = f1φ
if2φ
i
and
(f1 + f2)φ
i = (f1 + f2)
pi = fp
i
1 + f
pi
2 = f1φ
i + f2φ
i.
(one to one) If faφi = f bφi, then fap
i
= f bp
i
; hence, a = b, as GF (ph)\{0} is cyclic.
(onto) Let fa ∈ GF (ph)). Then faph−i = faph−ipi = faph = fa. Hence, the maps φi are
automorphisms.
Let σ ∈ aut(GF (ph)) and suppose fσ 6= fpi . Then as GF (ph) is cyclic, fσ = fm, where
m 6= pi, for all i ∈ {0, . . . , h − 1}. The image of σ is {fam | a = 0, . . . , ph−1} and since no
such value of am divides ph, the image does not contain the element f . By contradiction, if
σ ∈ aut(GF (ph)), then σ = φi. 
1.4 Projective space
Let V = V (k, q) be a k-dimensional vector space over the finite field Fq, where q = p
h. Then
any two vectors X = (x0, . . . , xk−1) and Y = (y0, . . . , yk−1) of V \ {0} are called equivalent
if Y = tX, for some t ∈ Fq \ {0}. The equivalence class of a vector X = (x0, . . . , xk−1) of
V \ {0} is the subset of V \ {0} given by {tX = (tx0, . . . , txk−1) | t ∈ Fq \ {0}}.
Definition 1.43. The (k − 1)-dimensional projective space over the finite field Fq, denoted
PG(k − 1, q), is the set consisting of the equivalence classes of vectors of the k-dimensional
vector space V (k, q).
The elements of PG(k− 1, q) are called points and the point denoted P (X) is the equiv-
alence class of the vector X. Since P (tX) = P (X), for all t ∈ Fq \ {0}, if the first non-zero
component of tX is a one, tX = (0, . . . , 0, 1, . . .), then for consistency this vector is used to
represent the point P (X).
Definition 1.44. The subspaces of the projective space PG(k− 1, q) are defined as follows:
• the (−1)-dimensional subspace of PG(k − 1, q) is the empty set.
• the points or 0-dimensional subspaces of PG(k− 1, q) are the 1-dimensional subspaces
of V .
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• the lines or 1-dimensional subspaces of PG(k − 1, q) are the 2-dimensional subspaces
of V .
• the planes or 2-dimensional subspaces of PG(k−1, q) are the 3-dimensional subspaces
of V .
• . . .
• the hyperplanes or (k − 2)-dimensional subspaces of PG(k − 1, q) are the (k − 1)-
dimensional subspaces of V .
An m-dimensional subspace or m-space of PG(k − 1, q) is denoted Πm.
An m-dimensional subspace of PG(k − 1, q) is incident with an (m + i)-dimensional
subspace of PG(k−1, q) if the corresponding (m+1)-dimensional subspace of V is contained
in the corresponding (m+ i+ 1)-dimensional subspace of V .
The points P (X0), . . . , P (Xr) are linearly independent if and only if the vectorsX0, . . . , Xr
are linearly independent. Hence, the point P (Xi) is incident with the line through the points
P (X0) and P (X1) if and only if the vector Xi is a linear combination of the vectors X0 and
X1.
Theorem 1.45. Let S be a d-dimensional subspace of the finite projective space PG(k−1, q),
where 1 ≤ d ≤ k − 1. Then the following facts hold:
(i) the number of points of S is
qd + qd−1 + · · ·+ q + 1 = q
d+1 − 1
q − 1 ;
(ii) if s is a point of S, then in S there are
qd−1 + · · ·+ q + 1
lines through the point s;
(iii) the number of lines in S is
(qd + qd−1 + · · ·+ q + 1)(qd−1 + · · ·+ q + 1)
q + 1
.
Proof (i) A (d+ 1)-dimensional subspace of the vector space V , given by
{α0X0 + α1X1 + · · ·+ αdXd | αi ∈ Fq},
contains qd+1 − 1 non-zero vectors; hence, there are
qd+1 − 1
q − 1
points of S.
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(ii) Let s be a point that is incident with S, then there are qd + · · · + q additional points
that are incident with S. Since each line in S that is incident with P is incident with
q + 1 points of S, in S there are
qd + · · ·+ q
q
= qd−1 + · · ·+ q + 1
lines through the point s.
(iii) The subspace S consists of qd + · · ·+ q+ 1 points and every point of S is incident with
qd−1 + · · ·+q+1 lines in S, but every line in S is incident with q+1 points of S. Hence,
there are
(qd + qd−1 + · · ·+ q + 1)(qd−1 + · · ·+ q + 1)
q + 1
lines in S. 
The line through the points P (X) and P (Y ) is denoted L(X, Y ).
Lemma 1.46. The line through the points P (X) and P (Y ) in PG(k − 1, q) is the set of
points {P (X + αY ) ∪ P (Y ) | α ∈ Fq}.
Proof The 2-dimensional subspace of V containing the vectors X and Y is
{aX + bY | a, b ∈ Fq}
and
P (aX + bY ) =
{
P (X + ba−1Y ) if a 6= 0,
P (Y ) if a = 0. 
Notation 1.47. The 2-dimensional projective space PG(2, q) is called the projective plane.
The projective plane PG(2, q) contains q2 + q+ 1 points and q2 + q+ 1 lines. Every point
of PG(2, q) is incident with q+1 lines and every line in PG(2, q) is incident with q+1 points.
The points of PG(2, q) have the form P (0, 0, 1), P (0, 1, x2) or P (1, x1, x2), where x1, x2 ∈ Fq.
1.5 Collineations of the projective space
Definition 1.48. If P1 and P2 are two projective spaces PG(k − 1, q), then a collineation
of PG(k − 1, q) is a bijection T : P1 −→ P2 that preserves incidence structures.
Definition 1.49. A collineation T : P1 −→ P2 is called a projectivity of PG(k − 1, q) if it
is induced by a linear map of V (k, q). That is, T maps P (X), a point of P1, onto P (Y ),
a point of P2, if and only if tY = Xg, where t ∈ Fq \ {0} and g is a non-singular matrix.
Such a projectivity is denoted (T, g) or g if the map T is not stated; (T, g) = (T, cg), for all
c ∈ Fq \ {0}.
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Let x = P (X) be a point of PG(k− 1, q). Then the result of the right action of a matrix
g on x denoted xg is the point P (Xg).
For a projectivity (T, g) of PG(k−1, q), if Πm1 ⊂ Πm2 , then Πm1g ⊂ Πm2g, since incidence
structures are preserved.
Example 1.50. Let T : PG(2, q) −→ PG(2, q) be a projectivity. Then T maps the line
L(X, Y ) = {P (Z) | Z ∈ {X + αY | α ∈ Fq} ∪ Y }
to the line
L(Xg, Y g) = {P (Z) | Z ∈ {Xg + αY g | α ∈ Fq} ∪ Y g}.
Definition 1.51. A set of k + 1 points of PG(k − 1, q) is called a frame if and only if the
vectors representing k of these points form a basis of V (k, q).
Subsequently, in PG(k − 1, q), no hyperplane is incident with more than k − 1 points of
a frame. In PG(2, q), no line is incident with more than 2 points of a frame. Let the set of k
vectors X0, . . . , Xk−1 form a basis of V (k, q). Then the set of k+1 points P (X0) . . . , P (Xk−1),
P (X0 + · · ·+Xk−1) is a frame of PG(k − 1, q).
The standard frame is e0 = P (1, 0, . . . , 0), . . . , ek−1 = P (0, . . . , 0, 1), ek = P (1, . . . , 1).
Theorem 1.52. For (T, g) a projectivity and P a projective space PG(k − 1, q), if the
projectivity T : P → P maps every point of a frame to itself, then T is the identity mapping
I or g = I. This projectivity is denoted (I, I).
Proof Let P (Xi) be a point of P . Then Xig = aiXi, where ai ∈ Fq \ {0}, for all i =
0, . . . , k − 1; hence,
(X0 + · · ·+Xk−1)g = a0X0 + · · ·+ ak−1Xk−1.
However, it is also true that
(X0 + · · ·+Xk−1)g = a(X0 + · · ·+Xk−1) = aX0 + · · ·+ aXk−1.
So, g = aI. 
Corollary 1.53. Let the k + 1 points P (X0), . . . , P (Xk−1), P (Xk = X0 + · · · + Xk−1) be
a frame of PG(k − 1, q). Then there is exactly one projectivity of PG(k − 1, q) such that
T(ei) = P (Xi).
Proof The linear map T that is defined by T(ei) = P (Xi), for i = 0, . . . , k − 1, also maps
ek onto P (Xk). If there are two such projectivities T1 and T2, then T1T
−1
2 is the identity, by
Theorem 1.52; hence, T1 = T2. 
Definition 1.54. The general linear group GL(k, q) is the group of bijective linear trans-
formations of V with respect to the operation of composition of maps.
Definition 1.55. The collineation group PΓL(k, q) is the group of collineations of PG(k −
1, q) with respect to the operation of composition of maps.
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Definition 1.56. The projective general linear group PGL(k, q) is the group of projectivities
of PG(k − 1, q) with respect to the operation of composition of maps.
Theorem 1.57. The cardinality of the groups GL(k, q), PGL(k, q) and PΓL(k, q) are
(i) |GL(k, q)| = (qk − 1)(qk − q) . . . (qk − qk−1) = qk(k−1)/2∏ki=1(qi − 1),
(ii) |PGL(k, q)| = |GL(k, q)| /(q − 1),
(iii) |PΓL(k, q)| = h |PGL(k, q)|, where q = ph and p is a prime.
Proof (i) Let g be a k× k non-singular matrix with elements selected from Fq. Then as
no row can be zero or a linear combination of previous rows, the rows may be selected
in qk − 1, qk − q, . . . , qk − qk−1 ways.
(ii) Since (T, g) = (T, tg), for all t ∈ Fq \ {0}, every projectivity is given by q− 1 matrices.
(iii) See The Fundamental Theorem of Projective Geometry, Section 1.5.1. 
Example 1.58. For PG(2, 11), the projective general linear group PGL(3, 11) has cardi-
nality
(113 − 1)(113 − 11)(113 − 112)/(11− 1) = 193, 116, 000.
1.5.1 Automorphisms
An automorphism acting on a field GF (ph) can be extended to an automorphic collineation
on PG(k − 1, q); this is given by P (X)σ = P (Xσ), where Xσ = (x0σ, x1σ, . . . , xk−1σ) and
P (X) ∈ PG(k − 1, q).
Notation 1.59. For convenience xσ and Xσ may be denoted xσ and Xσ.
The Fundamental Theorem of Projective Geometry
(i) If T′ : S → S is a collineation, then T′ = σT, where σ is an automorphic collineation
on PG(k − 1, q) and T is a projectivity.
If q = ph, then
aut(GF (ph)) = {1, φ, φ2, . . . , φh−1};
hence, for every projectivity there exist h collineations. If P (X ′) = P (X)T′, then for
every m ∈ Nh, there exists t ∈ GF (q)\{0} and g a non-singular matrix such that
tX ′ = Xp
m
g,
where Xp
m
= (xp
m
0 , . . . , x
pm
k−1).
(ii) If {P0, . . . , Pk} and {P ′0, . . . , P ′k} are (k+1)-arcs of PG(2, q), then there exists a unique
projectivity T such that P ′i = PiT, for all i ∈ Nk.
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1.6 Arcs
Definition 1.60. An (n, r)-arc S in the projective plane PG(2, q) is a set of n points of
PG(2, q) such that no r + 1 points are collinear and some r points are collinear. If r = 2,
then S is called an n-arc. The size of the largest (n, r)-arc in PG(2, q) is denoted mr(2, q).
A line ` in PG(2, q) is called an i-secant of an (n, r)-arc S if and only if ` is incident with
i points of S. A 0-secant is called an external line, an i-secant is called an internal line, for
i ∈ [1, . . . , q + 1].
Definition 1.61. An (n, r)-arc S in the projective plane PG(2, q) is called complete if it is
not contained within an (n+ 1, r)-arc that is also in PG(2, q) or equivalently if every point
of PG(2, q) is incident with at least one r-secant of S.
Two (n, r)-arcs S1 and S2 of PG(2, q) are said to be projectively equivalent if there exists
a projectivity (T, g) ∈ PGL(3, q) that maps S1 onto S2; that is, Xig = tYi, for all points
P (Xi) ∈ S1 and P (Yi) ∈ S2, where i = 0, . . . , n− 1.
Let τi denote the number of i-secants of an (n, r)-arc S in PG(2, q), let ρi = ρi(s) denote
the number of i-secants through the point s ∈ S and let σi = σi(x) denote the number of
i-secants through the point x ∈ PG(2, q) \ S. Then [5, Lemma 1.2.1] is presented in Lemma
1.62.
Lemma 1.62. For an (n, r)-arc S the following equations hold:
(i) (a)
r∑
i=0
τi = q
2 + q + 1, (1.3)
(b)
r∑
i=1
iτi = n(q + 1), (1.4)
(c)
r∑
i=2
i(i− 1)τi
2
=
n(n− 1)
2
; (1.5)
(ii) (a)
r∑
i=1
ρi(s) = q + 1, (1.6)
(b)
r∑
i=2
(i− 1)ρi(s) = n− 1; (1.7)
(iii) (a)
r∑
i=1
σi(x) = q + 1, (1.8)
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(b)
r∑
i=2
iσi(x) = n; (1.9)
(iv)
iτi =
∑
s∈S
ρi(s); (1.10)
(v)
(q + 1− i)τi =
∑
x∈PG(2,q)\S
σi(x). (1.11)
Proof These equations represent the number of elements in the following sets:
(i) (a) {s | s ∈ PG(2, q)},
(b) {(s, `) | s ∈ ` ∪ S,∀ lines `},
(c) {(s, s′, `) | s 6= s′, s, s′ ∈ S, ` 3 s, s′};
(ii) (a) {` | ` 3 s},
(b) {(s′, `) | s′ ∈ (` ∪ S) \ {s}, ` 3 s};
(iii) (a) {` | ` 3 x},
(b) {(s, `) | s ∈ (` ∪ S), ` 3 x};
(iv) {(s, `i) | s ∈ (`i ∪ S), `i a i-secant of S};
(v) {(x, `i) | x ∈ (`i ∪ PG(2, q) \ {S}), `i a i-secant of S}.

Theorem 1.63. If S is an (n, r)-arc of PG(2, q) with an i-secant, then mr(2, q) ≤ (r−1)q+i.
Proof Let x be a point of S that is incident with an i-secant of S, then the remaining q
lines through x are each incident with at most r − 1 points of S other than x. 
Theorem 1.64. Let S be an (n, r)-arc of PG(2, q), where (r, q) = 1, that has an external
line. Then mr(2, q) ≤ (r − 1)q + 1.
Theorem 1.65. Let S be an (n, r)-arc of PG(2, q) that does not possess an external line.
Then
mr(2, q) ≤ (r − 1)q + q −
√
q2 + q − nq.
Theorem 1.66. Let S be an (n, r)-arc of PG(2, p), where p is a prime.
(i) If n > q/2 + 1, then mr(2, q) ≤ (r − 1)q + r − (q + 1)/2.
(ii) If n < q/2 + 1, then mr(2, q) ≤ (r − 1)q + 1.
Introduction 19
Theorems 1.64, 1.65 and 1.66 can all be found with proofs in [5, Section 12.5]. The
largest size of an (n, r)-arc S in PG(2, q), denoted mr(2, q), has an upper bound derived
from Theorems 1.63 to 1.66. Let the smallest known upper bound for mr(2, q) be m. Suppose
mr(2, q) = m; if an (m, r)-arc is discovered by some method, for example by a random search,
then mr(2, q) = m. If mr(2, q) < m and some (mr(2, q), r)-arc is discovered, then this is not
enough information to determine that no (n, r)-arc exists, for n = mr(2, q) + 1, . . . ,m. If
mr(2, q) < m, then an exhaustive search for an (mr(2, q), r)-arc is the only way to determine
that no (n, r)-arc exists, for n = mr(2, q) + 1, . . . ,m. Table 1.1 gives all the known values of
mr(2, q) for q ≤ 11, as they were prior to this work.
Table 1.1: mr(2, q) for q ≤ 11
q 2 3 4 5 7 8 9 11
r
2 4 4 6 6 8 10 10 12
3 7 9 9 11 15 15 17 21
4 13 16 16 22 28 28 32− 34
5 21 25 29 33 37 43− 45
6 31 36 42 48 56
7 49 49 55 67
8 57 64 65 78
9 73 81 89− 90
10 91 100− 102
11 121
12 133
1.7 The Stabilizer Group
If x is a point of PG(2, q), then xg denotes the image of x through the right action of the
non-singular matrix g that induces the projectivity T; that is, (T, g) ∈ PGL(3, q). Let S be
a set of points of PG(2, q), possibly an (n, r)-arc. Then Sg = {xg | x ∈ S}.
Definition 1.67. For G 6 PGL(3, q), if (T, g) ∈ PGL(3, q), then the orbit of a point
x ∈ PG(2, q) through G is the set xG = {xg | g ∈ G}. The orbit of S ⊂ PG(2, q) through G
is the set {xG | x ∈ S}.
Definition 1.68. A set S ⊆ PG(2, q) is said to be stabilized by the projectivity (T, g) ∈
PGL(3, q) if and only if Sg = S.
The automorphism or stabilizer group of a set S ⊆ PG(2, q) is the largest subgroup of
PGL(3, q), the elements of which stabilize the set S; that is,
aut(S) = {(T, g) ∈ PGL(3, q) | Sg = S}.
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Note 1.69. The stabilizer groups are used to further classify the classes of projectively
equivalent (n, r)-arcs in PG(2, q).
Proposition 1.70. For every 4-arc {x(0), x(1), x(2), x(3)} in PG(2, q), there exists a projec-
tivity (T, g) ∈ PGL(3, q) such that x(i)g = ei, for i = 0, . . . , 3.
Proof Let
g−1 =
αx(0)βx(1)
γx(2)
 ,
where α, β and γ are uniquely determined by
(1, 1, 1)g
−1
= (αx
(0)
0 + βx
(1)
0 + γx
(2)
0 , αx
(0)
1 + βx
(1)
1 + γx
(2)
1 , αx
(0)
2 + βx
(1)
2 + γx
(2)
2 ) = x
(3).
Then x(i)g = ei as required. 
Proposition 1.71. In PG(2, q), if the projectivity (T, g) ∈ PGL(2, q) maps each point of
the 4-arc {x(0), x(1), x(2), x(3)} to itself, then 〈g〉 is isomorphic to Z1.
Proof Suppose x(i)h = ei, for i = 0, . . . , 3, then h
−1gh maps each point of the standard
frame to itself and h−1gh = I, by Theorem 1.52. Hence, g = I. 
1.8 Duality
Definition 1.72. For any projective space PG(r, q), there is a dual projective space PG(r, q)∗.
The points and hyperplanes of PG(r, q)∗ are the hyperplanes and points of PG(r, q).
If there is a theorem that is true in PG(r, q), then there exists an equivalent theorem that
is true in PG(r, q)∗. The theorem in PG(r, q)∗ is obtained by replacing points with hyper-
planes and hyperplanes with points in PG(r, q). This is not quite sufficient to obtain the new
theorem, since any i linearly independent points define an (i−1)-dimensional projective space
and i linearly independent hyperplanes intersect in a (r − i)-dimensional projective space.
Hence, the language used to describe the incidence structures of the theorem in PG(r, q)∗
needs to be modified from that used to describe the incidence structures of the theorem in
PG(r, q). For example, in PG(2, q) two points define a line and two lines intersect on a point.
1.9 Linear codes
A linear [n, k, d]q-code C over the finite field Fq is a k-dimensional subspace of the n-
dimensional vector space V (n, q) with non-zero vectors having weight at least d. That is, if
x = (x0, . . . , xn−1) ∈ C, then at least d of the xi are non-zero.
Let v0, v1, . . . , vk−1, be a basis for C and define the generator matrix M of the linear code C
to be the k×n matrix with j-th row vj−1, for j = 1, . . . , k. Let u0, u1, . . . un−1 ∈ V (k, q) be the
columns of the generator matrix M . Then (ui)j = (vj)i, for i = 0, . . . , n− 1, j = 0, . . . , k− 1.
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For all a = (a0, . . . , ak−1) ∈ (Fq)k, since the weight of the vector(
k−1∑
j=0
aj(vj)0, . . . ,
k−1∑
j=0
aj(vj)n−1
)
is at least d, it has at most n− d zero coordinates. Hence, for i = 0, . . . , n− 1,
k−1∑
j=0
aj(vj)i = 0,
has n− d solutions; equivalently,
k−1∑
j=0
aj(ui)j = 0,
has n− d solutions.
This is equivalent to stating that of the n vectors ui, for i = 0, . . . n − 1, at most n − d
are incident with the hyperplane
k−1∑
j=0
ajXj = 0.
Therefore, an (n, n − d)-arc in PG(k − 1, q) is equivalent to a linear [n, k, d]q-code C,
where any two columns of the generator matrix of C are linearly independent. This linear
independence ensures that any two columns are projectively inequivalent.
Note 1.73. This description of the link between (n, r)-arcs and linear codes is taken from
[2], in which more details can be found.
Example 1.74. The largest size of an (n, 4)-arc in PG(2, 11) is n = 32 and this is equivalent
to n = 32 is the largest value for which there exists a linear [n, 3, n− 4]11-code.
The spectrum of (n, 3)-arcs in PG(2, 11) is n = 3, . . . , 21 and this is equivalent to n =
3, . . . , 21 is the range of n for which there exist linear [n, 3, n− 3]11-codes.
Chapter 2
The Non-Existence of Complete
12-arcs in PG(2, 31)
This work is a forerunner to that conducted on (n, 3)-arcs and (n, 4)-arcs in PG(2, 11). Table
2.1 is taken from [7] and it shows the size of all complete arcs that were known prior to this
work, where 12? and 13? indicate that the existence of a complete 12-arc and a complete 13-
arc is unknown. The original aim of this work was to determine the existence of a complete
12-arc or a complete 13-arc in PG(2, 31) and the size of the smallest complete n-arc.
Table 2.1: The size of all complete arcs for q ≤ 32
q n
2 4
3 4
4 6
5 6
7 6, 8
8 6, 10
9 6, 7, 8, 10
11 7, 8, 9, 10, 12
13 8, 9, 10, 12, 14
16 9, 10, 11, 12, 13, 17
17 10, 11, 12, 13, 14, 18
19 10, 11, 12, 13, 14, 20
23 10, 12, 13, 14, 15, 16, 17, 24
25 12, 13, 14, 15, 16, 17, 18, 21, 26
27 12, 13, 14, 15, 16, 17, 18, 19, 22, 28
29 13, 14, 15, 16, 17, 18, 19, 20, 21, 24, 30
31 12?, 13?, 14, 15, 16, 17, 18, 19, 20, 21, 22, 32
32 12?, 13?, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 34
An algorithm based on that used in [3] determined one representative from every class
of projectively equivalent 8-arcs in PG(2, 31), of which there are 3 768 298.
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Note 2.1. For a description of this algorithm see Chapter 3.
A second algorithm is used to determine if it is possible to extend any of these projectively
inequivalent 8-arcs to a complete 12-arc or a complete 13-arc. However, this version of the
algorithm is too inefficient to determine the non-existence of complete 13-arcs; so, only the
non-existence of complete 12-arcs is established.
2.1 A brief description of the second algorithm
The second algorithm takes as input an 8-arc containing the standard frame, represented as
S = {e0, e1, e2, e3, s0, s1, s2, s3} and tests every appropriate 12-arc extension of S, represented
as S ∪ {x0, x1, x2, x3}, for completeness. That is, the point x0 is not on a bisecant of S, the
point x1 is not on a bisecant of S ∪ {x0}, the point x2 is not on a bisecant of S ∪ {x0, x1}
and the point x3 is not on a bisecant of S ∪ {x0, x1, x2}. If it is possible to add additional
points y0, . . . , ym to the 12-arc S ∪ {x0, x1, x2, x3}, then this 12-arc cannot be complete. Let
σ be a permutation on N3. Then the 12-arcs S ∪ {x0σ, x1σ, x2σ, yi} are not complete, for
i = 0, . . . ,m, as it is possible to add the point x3σ to each of these new 12-arcs.
2.2 A full description of the second algorithm
The projective plane PG(2, 31) contains q2 +q+1 = 993 points and 993 lines. Every point is
represented by a unique number xi ∈ N992 and every line is represented by a unique number
`i ∈ N992. The numbers representing the points of PG(2, 31) are ordered; if x represents the
point P (X0, X1, X2) and y represents the point P (Y0, Y1, Y2), then
x < y ≡

X0 ≤ Y0
or X0 = Y0 and X1 ≤ Y1
or X0 = Y0, X1 = Y1 and X2 ≤ Y2.
Since each point is incident with q+1 = 32 lines and each line is incident with q+1 = 32
points, a point is also represented by the 1×32 array {`0, `1, . . . , `31} and a line by the 1×32
array {x0, x1, . . . , x31}.
The second algorithm is based around a (31 − 2) × (31 − 2) array incidence29×29 with
elements comprising unique numbers in the range 0, . . . , 992. The numbers in a row of
incidence29×29 represent the points on a line through the point e0 excluding e0 itself. The
numbers in a column of incidence29×29 represent the points on a line through the point e1
excluding e1 itself. The array incidence29×29 has dimension 29×29, because the lines incident
with the pairs of points
(e0, e1), (e0, e2), (e0, e3), (e1, e2), (e1, e3), (e2, e3)
are not considered. This is because, incidence29×29 is used as a reference for adding new
points to each extension of an 8-arc containing the standard frame. If the point represented
by the number in the i-th row and j-th column of incidence29×29 is added to an n-arc, then
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all the points represented by numbers in the i-th row and j-th column are on bisecants of
the new (n+ 1)-arc.
In both algorithms, after the standard frame {e0, e1, e2, e3} is created all subsequent points
are added in the order of their row position in incidence29×29. For example, given the 8-arc
S = {e0, e1, e2, e3, s0, s1, s2, s3}, where si is incident with the ri-th row of incidence29×29, the
inequality r0 < r1 < r2 < r3 holds. This adds a further restriction to the points that can be
added to an extension of an 8-arc, since the point x2 can not be selected from row 28 as this
would leave no row from which to select the point x3,. . ., the point s0 can not be selected
from rows 22, . . . , 28 as this would leave insufficient rows from which to select the points
s1, . . . , s3, x0, . . . , x3.
Note 2.2. The ordering of points in the construction of a 12-arc does not affect the ex-
haustive nature of the search, because if x is a point in the r-th row of incidence29×29 that
is not on a bisecant of S ∪ {x0, . . . , xN}, where ri+4 < r < ri+4+1, then the (i + 10)-arc
S ∪ {x0, . . . , xi, x} is searched at a previous stage.
Notation 2.3. The element in the i-th row and j-th column of an array X is denoted X[i][j].
A 29 × 29 array remove829×29 is associated with both the array incidence29×29 and the
8-arc S8 = {e0, e1, e2, e3, s0, s1, s2, s3}.
remove829×29[i][j] =
{
0 if incidence29×29[i][j] is incident with a bisecant of S8,
1 otherwise.
A 29×29 array remove929×29 is associated with the arrays incidence29×29 and remove829×29
and the 9-arc S9 = {e0, e1, e2, e3, s0, s1, s2, s3} ∪ {x0}.
remove929×29[i][j] =

0 if remove829×29[i][j] = 0
or incidence29×29[i][j] is incident with a bisecant of S9,
x0 otherwise.
A 29×29 array remove1029×29 is associated with the arrays incidence29×29, remove829×29
and remove929×29 and the 10-arc S10 = {e0, e1, e2, e3, s0, s1, s2, s3} ∪ {x0, x1}.
remove1029×29[i][j] =

0 if remove829×29[i][j] = 0
or remove929×29[i][j] = x0
or incidence29×29[i][j] is incident with a bisecant of S10,
x1 otherwise.
A 29×29 array remove1129×29 is associated with the arrays incidence29×29, remove829×29,
remove929×29 and remove1029×29 and the 11-arc S11 = {e0, e1, e2, e3, s0, s1, s2, s3}∪{x0, x1, x2}.
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remove1129×29[i][j] =

0 if remove829×29[i][j] = 0
or remove929×29[i][j] = x0
or remove1029×29[i][j] = x1
or incidence29×29[i][j] is incident with a bisecant of S11,
x2 otherwise.
A 29×29 array remove1229×29 is associated with the arrays incidence29×29, remove829×29,
remove929×29, remove1029×29 and remove1129×29 and the 12-arc
S12 = {e0, e1, e2, e3, s0, s1, s2, s3} ∪ {x0, x1, x2, x3}.
remove1229×29[i][j] =

0 if remove829×29[i][j] = 0
or remove929×29[i][j] = x0
or remove1029×29[i][j] = x1
or remove1129×29[i][j] = x2
or incidence29×29[i][j] is incident with a bisecant of S12,
x3 otherwise.
Consider the following 5× 5 segment of incidence29×29;
x0,0 x0,1 x0,2 x0,3 x0,4
x1,0 x1,1 x1,2 x1,3 x1,4
x2,0 x2,1 x2,2 x2,3 x2,4
x3,0 x3,1 x3,2 x3,3 x3,4
x4,0 x4,1 x4,2 x4,3 x4,4
 .
Example 2.4. In this example the corresponding 5× 5 segment of remove829×29 is consid-
ered. For the 12-arc S12 = {e0, e1, e2, e3, s0, s1, s2, s3}∪{x0, x1, x2, x3}, if remove829×29[i][j] =
1 and removeX29×29[i][j] = xX−9, for X ∈ [9, . . . , 12], then the element remove829×29[i][j] is
replaced by xX−9. This produces the following 5× 5 segment of array.
A =

x0 x3 0 x2 0
0 x1 x2 0 0
0 x0 x0 x1 0
x0 0 1 0 x0
x1 0 x0 0 0

Since the point represented by x3,2 corresponds to a 1 in the array A, this point is not on a
bisecant of S12; hence, S12 is not complete.
The arrays remove829×29 and remove929×29 are destroyed and recreated for every new
8-arc. For efficiency, if extensions of the 8-arc S8 = {e0, e1, e2, e3, s0, s1, s2, s3} are being
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considered, then the array remove929×29 is not destroyed and recreated for every 9-arc ex-
tension of S8. Instead, if S8 ∪ {x(i)0 } is the i-th 9-arc extension of S8 to be considered, then
all the values x
(1)
0 , . . . , x
(i−1)
0 are still present in remove929×29 and these combined with any
0 elements are grouped together as elements that are different from x
(i)
0 . Similarly, the ar-
rays remove1029×29, remove1129×29 and remove1229×29 are destroyed and recreated for every
9-arc, 10-arc and 11-arc and not for every 10-arc, 11-arc and 12-arc.
2.3 Results
The second algorithm did not discover a complete 12-arc in PG(2, 31), which combined with
the exhaustive nature of the search implies that no complete 12-arc exists in PG(2, 31).
The second algorithm proved too slow for a similar search of all 13-arcs in PG(2, 31) to
be completed; hence, the size of the smallest complete n-arc in PG(2, 31) could not be
determined.
Therefore, while this method is not sufficient for its original purpose, that is, to discover
the size of the smallest complete n-arc in PG(2, 31), it did increase the lower bound for the
value of n. This work has been superseded and the non-existence of both a complete 12-arc
and a complete 13-arc, for q = 31, 32, is shown in [8].
Chapter 3
The Classification of Complete
(n, 3)-arcs in PG(2, 11)
3.1 The algorithm
Every point of PG(2, 11) is represented by a unique number from the set {0, . . . , 132}.
0 = e3 = (0, 0, 1) 1 = (0, 1,−5) . . . 6 = e2 = (0, 1, 0)
. . . 11 = (0, 1, 5) 12 = (1,−5,−5) . . .
72 = e1 = (1, 0, 0) . . . 84 = e4 = (1, 1, 1) . . .
132 = (1, 5, 5)
This creates the following ordering of points in the projective plane of order eleven. If x
represents the point P (X0, X1, X2) and y represents the point P (Y0, Y1, Y2), then
x < y ≡

X0 ≤ Y0
or X0 = Y0 and X1 ≤ Y1
or X0 = Y0, X1 = Y1 and X2 ≤ Y2.
Every line in PG(2, 11) is represented by a unique number from the set {0, . . . , 132}.
A point x of PG(2, 11) is incident with q + 1 = 12 lines and is therefore associated
with the set {`0, . . . , `11}, where `i ∈ {0, . . . , 132} represents a line through x. A line ` in
PG(2, 11) is incident with 12 points and is therefore associated with the set {x0, . . . , x11},
where xi ∈ {0, . . . , 132} represents a point on `.
Similarly, an (n, r)-arc in PG(2, 11) is represented as a set of n appropriate numbers from
the set {0, . . . , 132}.
Notation 3.1. The notation (n, r−)-arc is used to denote an (n, γ)-arc, where γ is known
to be less than or equal to r.
Proposition 3.2. Let P5 = {x1, x2, x3, x4, x5} be a set of 5 points that is contained in an
(n, 3)-arc, where n ≥ 5. Then, some subset of 4 points in P5 is a 4-arc.
Proof There are three possibilities either P5 is a 5-arc, P5 has one trisecant or P5 has two
trisecants. If P5 has one trisecant, then it may be assumed without loss of generality that
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the points {x1, x2, x3} are collinear. Hence, the set of points {xi, xj, x4, x5} forms a 4-arc.
If P5 has two trisecants, then it may be assumed without loss of generality that the two
trisecants intersect at the point x1. Hence, the set {x2, x3, x4, x5} forms a 4-arc. 
Since an (n, 3)-arc contains a 4-arc if n ≥ 5, the standard frame S4 = {e1, e2, e3, e4} is
used as the base on which all (n ≥ 5, 3)-arcs are constructed. The standard frame S4 is
projectively equivalent to every 4-arc, by Corollary 1.53.
Define Rn to be the set containing one representative from every class of projectively
equivalent (n, 3−)-arc, for all n ∈ {5, . . . , 21}. Algorithm 1 shows how the set Rn+1 is con-
structed from the set Rn, for n = 4, . . . , 20.
Algorithm 1 Algorithm for producing the set Rn, for n = 5, . . . , 21
R4 = {S4}
for n = 4→ 20 do
Rn+1 = ∅
for all S ∈ Rn do
for all x ∈ PG(2, q)\S do
if S ∪ {x} is an (n+ 1, 3−)-arc then
if {S ∪ {x}}g ∈ Rn+1, for any g ∈ PGL(3, q) then
Do nothing
else
Add S ∪ {x} to Rn+1
end if
end if
end for
end for
end for
The projective equivalence of two (n, 3−)-arcs is determined by the equality of their
canonical form.
3.1.1 Invariants and canonical forms for (n, 3)-arcs in PG(2, q)
Notation 3.3. Let S be an (n, 3−)-arc in PG(2, q) and let x be a point of PG(2, q). Then
denote the number of bisecants of S through x as bS(x) and the number of trisecants of S
through x as tS(x).
Proposition 3.4. The number of bisecants and trisecants through a point x of PG(2, q) is
invariant under the right action of g, for all (T, g) ∈ PGL(3, q). That is, bSg(xg) = bS(x)
and tSg(x
g) = tS(x), for all (T, g) ∈ PGL(3, q).
Proof Let P (αX + Y ), α 6= 0 be a third point on the line through the points P (X) and
P (Y ). Then P ((αX + Y )g) = P (αXg + Y g), α 6= 0 is a third point on the line through the
points P (Xg) and P (Y g). 
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Definition 3.5 (Line invariant). For every line ` in PG(2, q) the line invariant is defined as
IS(`) =
∑
x∈`\S
2(q+2)tS(x)+bS(x).
The line invariant satisfies
ISg(`
g) =
∑
xg∈`g\Sg
2(q+2)tSg (x
g)+bSg (x
g) =
∑
x∈`\S
2(q+2)tS(x)+bS(x) = IS(`),
for all (T, g) ∈ PGL(3, q).
Note 3.6. Definition 3.5 differs from the definition of the line invariant given in [3], as it is
adapted to work with (n, 3)-arcs and this definition is improved in Section 3.2.1.
Definition 3.7 (Point invariant). For every point x of PG(2, q), the point invariant is defined
as
IS(x) =
∑
`,x∈`
h(IS(`)),
where h is a simple hash function. The point invariant satisfies
ISg(x
g) =
∑
`g ,xg∈`g
h(ISg(`
g)) =
∑
`,x∈`
h(IS(`)) = IS(x),
for all (T, g) ∈ PGL(3, q).
For i = IS(`) (mod 127) + 126, the hash function h(IS(`)) = (0, . . . , 0, 1, 0, . . . , 0) has a
1 in the i-th position, representing the value 13i. Since IS(x) is the sum of hash functions, it
is an array, the i-th element of which is denoted as IS(x)i. To ensure that IS(x) represents
any value uniquely, the restriction 0 ≤ IS(x)i ≤ 12 is imposed on the elements of IS(x).
If IS(x)i = a + 13b, where a ∈ {0, . . . , 12} and b > 0, then IS(x)i = a and IS(x)i+1 is
incremented by b, for all i ∈ {126, . . . , N}. Hence, IS(x) uniquely represents the value∑
x∈S
13iIS(x).
Note 3.8. It should be noted that, for q = 11, if IS(x)i = a+ 13b, then b = 0, since only 12
hash functions are being summed.
Definition 3.9 (Set Invariant). The set invariant is defined as
I(S) =
∑
x∈S
IS(x).
The set invariant satisfies,
I(Sg) =
∑
xg∈Sg
ISg(x
g) =
∑
x∈S
IS(x) = I(S),
for all (T, g) ∈ PGL(3, q).
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Definition 3.10 (Quasi-Orbits). The point invariant IS induces a partition IS\\S on S in
the following way. Two points x and x′ belong to the same part U ∈ IS\\S if and only if
IS(x) = IS(x
′); in which case the notation IS(U) = IS(x) is used. The parts of this partition
are called quasi-orbits of S. From the definition of the point invariant,
ISg(U
g) = ISg(x
g) = IS(x) = IS(U);
hence,
U g ∈ ISg\\Sg ⇔ U ∈ IS\\S,
for all (T, g) ∈ PGL(3, q).
The parts of the partition IS\\S are ordered, first according to magnitude and then
according to their point invariant value. That is, if U,U ′ ∈ IS\\S, then U < U ′ if and only if
|U | < |U ′| or {|U |=|U ′| and IS(U) < IS(U ′)}. The ordered partition of S into quasi-orbits
is denoted
IS\\S = {U1, U2, U3, . . .}, where U1 < U2 < U3 < · · · .
It follows directly from the definition of quasi-orbits that
ISg(U
g) = IS(U)
and
|U g| = |U | ,
for all (T, g) ∈ PGL(3, q). Hence,
ISg\\Sg = {U g1 , U g2 , U g3 , . . .}, where U g1 < U g2 < U g3 < · · · .
Note 3.11. The construction of the canonical form differs from that given in [3] so as to
work with (n, 3)-arcs.
Construction 3.12. Let Umin5(S) be the first set containing exactly 5 points in the ordered
partition IS\\S. If no such set exists, then Umin5(S) is the first set with the minimum number
of points greater than or equal to 5 in the ordered sets
(1) {Ui1 ∪ Ui2} i1 < i2, every ordered pair of parts,
(2) {Ui1 ∪ Ui2 ∪ Ui3} i1 < i2 < i3, every ordered union of three parts,
(3) {Ui1 ∪ Ui2 ∪ Ui3 ∪ Ui4} i1 < i2 < i3 < i4, every ordered union of four parts,
(4) {Ui1 ∪ Ui2 ∪ Ui3 ∪ Ui4 ∪ Ui5} i1 < i2 < i3 < i4 < i5, every ordered union of five parts.
The set Umin5(S) contains at least five points with the property ‘at most three points on
a line’. At least four of these five points must have the property ‘at most two points on a
line’; that is, they form a 4-arc. It follows directly from the definition of the ordering of quasi
orbits that Umin5(S
g) = Umin5(S)
g, for all (T, g) ∈ PGL(3, q).
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Definition 3.13 (Canonical Form). Let {x1, x2, x3, x4} be an arrangement of a 4-arc from
Umin5(S), where S is an (n, 3
−)-arc in PG(2, q) and let (T, g) ∈ PGL(3, q) be such that
xg1 = e1, x
g
2 = e2, x
g
3 = e3, x
g
4 = e4. Then S
g is an (n, 3−)-arc that is projectively equivalent
to S. The points of Sg are ordered in ascending numerical value. For all arrangements of
all 4-arcs in Umin5(S), define the canonical form of S can(S), to be the smallest of all such
ordered Sg, with regard to the lexical ordering of their points.
Proposition 3.14. Let S and T be (n, 3−)-arcs in PG(2, q). Then can(S) = can(T ) if and
only if S and T are projectively equivalent.
Proof Let T = Sh, where (Th, h) ∈ PGL(3, q). Then Umin5(T ) = Umin5(S)h. Suppose the
points x1, x2, x3, x4 ∈ Umin5(S) form a 4-arc, then the points xh1 , xh2 , xh3 , xh4 ∈ Umin5(T ) also
form a 4-arc.
If (Tg, g) ∈ PGL(3, q) is such that xg1 = e1, xg2 = e2, xg3 = e3, xg4 = e4, then (T−1h Tg, h−1g) ∈
PGL(3, q) is such that xhh
−1g
1 = e1, x
hh−1g
2 = e2, x
hh−1g
3 = e3, x
hh−1g
4 = e4 and T
h−1g = Sg.
Hence, the points from Umin5(S) produce the same set of ordered (n, 3)-arcs as the points
from Umin5(T ), making the minimum of this set both can(S) and can(T ).
If can(S) = can(T ), can(S) = Sg1 and can(T ) = T g2 , where (Tg1 , g1), (Tg2 , g2) ∈
PGL(3, q), then T = Sg1g
−1
2 ; hence, S and T are projectively equivalent. 
The algorithm produces a list containing one representative from every class of projec-
tively equivalent (n, 3−)-arcs and a corresponding list of canonical forms. Both these lists
are stored. The list of (n, 3−)-arcs is used in the construction of (n+ 1, 3−)-arcs and the list
of canonical forms is used to determine projective equivalence.
A number, N ∈ {0, . . . , 4 826 808}, is generated for every canonical form and this number
is based on the numbers that represent the points in this canonical form. The number N is not
unique for each projectively inequivalent (n, 3−)-arc. However, two projectively equivalent
(n, 3−)-arcs produce the same N . This allows the list of canonical forms to be partitioned
so that, when a new (n, 3−)-arc is to be added, its canonical form only needs to be checked
against a small proportion of the elements of the list.
An array of vectors of length 4 826 808 is used, the Nth element of which is the position
in the two lists of all canonical forms that produce the number N and their corresponding
(n, 3−)-arcs. This array is used for fast reference.
Remark 3.15. The advantage of this method is that it allows for the points forming an
(n, 3−)-arc to be selected in an ordered fashion. This works well for (n, 3−)-arcs in PG(2, 11),
but for q ≥ 13 the array is to large. The disadvantage is the necessity to store such a large
array in active memory, as this makes it impractical to have multiple programs searching
through all (n, 3−)-arcs that arise from different (n−1, 3−)-arcs on one machine. It is possible
to produce multiple lists of projectively inequivalent (n + 1, 3−)-arcs from subsets of Rn,
but this makes additional searches necessary to remove duplicate entries, since projective
inequivalence is not preserved between lists generated from different subsets of Rn.
3.2 Improvements to the algorithm
There are at least three possible improvements to this algorithm, with regard to increasing
its speed and decreasing its storage needs. The first improvement is to the construction of the
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line invariant IS(`). The second improvement is to the calculation of the canonical form. The
third improvement involves using a specific orbit of IS\\S to partition the (n + 1, 3−)-arcs
into sets that are closed under projective equivalence. This final improvement is the most
significant as it removes the necessity to use the array of size 4 826 808 in active memory
and the need to store the canonical form for every projectively inequivalent (n, 3−)-arc that
arises.
3.2.1 Improvement to the invariant
For r = 3, equations (1.6) and (1.7) are τ0 + τ1 + τ2 + τ3 = q + 1 and τ1 + 2τ2 + 3τ3 = n; so,
for specific q, the values τ0 and τ1 can be determined if τ2 and τ3 are known. If there are M
possible pairs (τ2, τ3), then define the map f to be
f(τ2, τ3)→ i ∈ (0, . . . ,M − 1),
where
f(τ
(1)
2 , τ
(1)
3 ) > f(τ
(2)
2 , τ
(2)
3 ) if τ
(1)
3 > τ
(2)
3
and
f(τ
(1)
2 , τ
(1)
3 ) > f(τ
(2)
2 , τ
(2)
3 ) if τ
(1)
3 = τ
(2)
3 and τ
(1)
2 > τ
(2)
2 .
A point x that is incident with τ2 bisecants and τ3 trisecants is associated with a value
f(τ2, τ3).
An improvement to the invariant IS(l) is achieved by replacing (q+ 2)tS(x) + bS(x) with
f(τ2, τ3). The value of 2
f(τ2,τ3) is faster to calculate than 2(q+2)tS(x)+bS(x), since (q+ 2)tS(x) +
bS(x) ≥ f(τ2, τ3) and (q + 2)tS(x) + bS(x) > f(τ2, τ3) if tS(x) > 0.
Example 3.16. For q = 11 and k = 10, the possibilities for (τ0, τ1, τ2, τ3) with corresponding
f(τ2, τ3) are as follows.
(τ0, τ1, τ2, τ3) f(τ2, τ3)
(2, 10, 0, 0) f(0, 0) = 0
(3, 8, 1, 0) f(1, 0) = 1
(4, 6, 2, 0) f(2, 0) = 2
(5, 4, 3, 0) f(3, 0) = 3
(6, 2, 4, 0) f(4, 0) = 4
(7, 0, 5, 0) f(5, 0) = 5
(4, 7, 0, 1) f(0, 1) = 6
(5, 5, 1, 1) f(1, 1) = 7
(6, 3, 2, 1) f(2, 1) = 8
(7, 1, 3, 1) f(3, 1) = 9
(6, 4, 0, 2) f(0, 2) = 10
(7, 2, 1, 2) f(1, 2) = 11
(8, 0, 2, 2) f(2, 2) = 12
(8, 1, 0, 3) f(0, 3) = 13
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3.2.2 Improvement to the canonical form
Instead of considering every permutation of 4 points from the set Umin5, the sets of 4 points
that are used to create the canonical form are selected as follows.
From the partition IS\\S, select U1, . . . , Um such that U1 ∪ · · · ∪ Um−1 contains fewer
than 5 points and U1∪· · ·∪Um contains at least 5 points. The first |U1| points to be selected
consist of all permutations of points from U1, the next |U2| points consist of all permutations
of points from U2, . . ., the next |Um−1| points consist of all permutations of points from Um−1.
The remaining 5−|U1∪· · ·∪Um−1| points consist of all permutations of 5−|U1∪· · ·∪Um−1|
points from Um. Hence, there are
|U1|!|U2|! . . . |Um−1|!|Um|!
||Um| − (5− |U1 ∪ · · · ∪ Um−1|)|!
sets of 5 ordered points. For each of these sets of 5 points, subsets of 4 points are selected so
as to preserve the ordering of the points by their quasi-orbits. In the original method there
are at least 5! ways of choosing 4 ordered points from Umin5, here there may be as few as 5.
Proposition 3.17. Let S and T be (n, 3−)-arcs in PG(2, q). Then can(S) = can(T ) if and
only if S and T are projectively equivalent.
Proof Let T = Sh, where (Th, h) ∈ PGL(3, q). Then the 5 ordered points {x1, x2, x3, x4, x5}
are selected from IS\\S if and only if the 5 ordered points {xh1 , xh2 , xh3 , xh4 , xh5} are selected
from IT\\T . The 4 points {xi1 , xi2 , xi3 , xi4} of {x1, x2, x3, x4, x5} form a 4-arc if and only if
the 4 points {xhi1 , xhi2 , xhi3 , xhi4} of {xh1 , xh2 , xh3 , xh4 , xh5} form a 4-arc.
If (Tg, g) ∈ PGL(3, q) is such that xgi1 = e1, xgi2 = e2, xgi3 = e3, xgi4 = e4, then
(T−1h Tg, h
−1g) ∈ PGL(3, q) is such that xhh−1gi1 = e1, xhh
−1g
i2
= e2, x
hh−1g
i3
= e3, x
hh−1g
i4
= e4
and T h
−1g = Sg. Hence, the sets of 5 ordered points from IS\\S and IT\\T produce the
same set of ordered (n, 3−)-arcs making the minimum of this set both can(S) and can(T ).
If can(S) = can(T ), can(S) = Sg1 and can(T ) = T g2 , where (Tg1 , g1), (Tg2 , g2) ∈
PGL(3, q), then T = Sg1g
−1
2 ; hence, S and T are projectively equivalent. 
Example 3.18 (An example from PG(2, 11)). Let S = {0, 1, 6, 12, 13, 38, 72, 84, 102}, where
U1 = {72}, U2 = {0, 38}, U3 = {84, 12}, U4 = {1, 13} and U5 = {6, 102}. Then Umin5 =
{72, 0, 38, 84, 12} and in the original method all 5! permutations of 4 points from these 5
points are considered. In the new method, for each of the ordered sets S1 = {72, 0, 38, 84, 12},
S2 = {72, 0, 38, 12, 84}, S3 = {72, 38, 0, 84, 12} and S4 = {72, 38, 0, 12, 84}, every ordered
subset of 4 points is considered. For S1, the 4-arc {0, 38, 84, 12} is mapped under the right
action of the matrix −4 −4 3−4 4 1
−3 0 0

to {e1, e2, e3, e4} and S to {0, 6, 9, 24, 58, 72, 84, 85, 90}. For S1 and S2, the 4-arc {72, 0, 38, 12}
is mapped under the right action of the matrix−2 0 03 −5 −1
0 4 0

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to {e1, e2, e3, e4} and S to {0, 6, 57, 60, 72, 84, 90, 114, 117}. For S1 and S2, the 4-arc {72, 0, 38, 84}
is mapped under the right action of the matrix3 0 01 −2 4
0 −5 0

to {e1, e2, e3, e4} and S to {0, 6, 27, 30, 54, 60, 72, 84, 87}. For S2, the 4-arc {0, 38, 12, 84} is
mapped under the right action of the matrix−5 −5 1−2 −1 4
1 0 0

to {e1, e2, e3, e4} and S to {0, 6, 15, 40, 64, 72, 75, 84, 85}. For S3, the 4-arc {38, 0, 84, 12} is
mapped under the right action of the matrix4 4 −11 4 −4
0 −1 0

to {e1, e2, e3, e4} and S to {0, 6, 15, 40, 64, 72, 75, 84, 85}. For S3 and S4, the 4-arc {72, 38, 0, 12}
is mapped under the right action of the matrix 2 0 0−3 1 5
0 0 −4

to {e1, e2, e3, e4} and S to {0, 6, 27, 30, 54, 60, 72, 84, 87}. For S3 and S4, the 4-arc {72, 38, 0, 84}
is mapped under the right action of the matrix−3 0 0−1 −4 2
0 0 5

to {e1, e2, e3, e4} and S to {0, 6, 57, 60, 72, 84, 90, 114, 117}. Hence the canonical form of S is
the ordered set of points {0, 6, 9, 24, 58, 72, 84, 85, 90}. The number N is calculated as follows:
(1(0)+103(6)+106(9)+109(24)+1012(58)+1(72)+103(84)+106(85)+109(90))mod(4 826 809).
3.2.3 Removing the need to store and reference can(S) for every
(n, 3)-arc S
The most costly part of this algorithm in terms of speed and storage is calculating and
storing the canonical form for every projectively inequivalent (n, 3)-arc that arises, as well
as using the vector of length 4 826 808 for referencing these canonical forms.
Definition 3.19. If Ui = {x} ∈ IS\\S, then the point x ∈ S is called a singleton of S.
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Let Rn be the set containing one representative from every class of projectively equivalent
(n, 3−)-arcs. For S ∈ Rn, let xi ∈ PG(2, q)\S, where tS(xi) = 0, be the smallest singleton
U1 = {xi} of the partition IS∪{xi}\\S ∪ {xi} such that S ∪ {xi} is an (n, 3−)-arc. Then the
set of all (n+ 1, 3−)-arcs S ∪ U1 is denoted R(S)n+1 ⊂ Rn+1.
Proposition 3.20. The set
⋃
S∈Rn R
(S)
n+1 contains at least one representative from every class
of projectively equivalent (n+ 1, 3−)-arcs that possesses at least one singleton.
Proof Let T∪{x} be any (n+1, 3−)-arc such that U1 = {x} in the partition IT∪{x}\\T∪{x}.
Then T is an (n, 3−)-arc. Since T g ∈ Rn, for some (T, g) ∈ PGL(3, q), the set of points
T g ∪ {x}g is an (n+ 1, 3−)-arc with U1 = {xg} in the partition IT g∪{x}g\\T g ∪ {x}g. That is,
T g ∪ {x}g ∈ ⋃S∈Rn R(S)n+1. 
Proposition 3.21. Let S1∪{x1}, S2∪{x2} ∈
⋃
S∈Rn R
(S)
n+1, where U1 = {x1} in the partition
IS1∪{x1}\\S1 ∪ {x1} and U1 = {x2} in the partition IS2∪{x2}\\S2 ∪ {x2}. Then Sg1 ∪ {x1}g =
S2 ∪ {x2} only if Sg1 = S2.
Proof Suppose Sg1 ∪ {x1}g = S2 ∪ {x2}, then the equality of the singletons xg1 = x2 follows
from the equality of the partitions ISg1∪{x1}g\\S
g
1 ∪ {x1}g = IS2∪{x2}\\S2 ∪ {x2}. Hence,
Sg1 = S2. 
Proposition 3.21 implies that an (n+1, 3−)-arc S∪{x1} in
⋃
S∈Rn R
(S)
n+1 is only projectively
equivalent to an (n+ 1, 3−)-arc in
⋃
S∈Rn R
(S)
n+1.
That is, if Rn is split into a number of disjoint subsets, then each subset generates a set
of (n + 1, 3−)-arcs with singletons that are projectively inequivalent to all (n + 1, 3−)-arcs
with singletons that are generated by other subsets. Hence, multiple copies of the algorithm
may operate on different subsets of Rn simultaneous, without any further work to remove
projectively equivalent (n+ 1, 3−)-arcs with singletons.
All (n+ 1, 3−)-arcs that do not possess a singleton are handled separately, but these are
sparse.
Remark 3.22. To make the classification of all classes of projectively equivalent (n, 3−)-arcs
in PG(2, q) practical for q ≥ 13, this improvement to the algorithm is necessary as it will
allow multiple copies of the algorithm to run on multiple machines.
Note 3.23. If the aim is to determine m3(2, q) the size of the largest (n, 3
−)-arc in PG(2, q)
and not classification, one possible speed improvement is to construct
⋃
S∈Rn R
(S)
n+1 as the set
containing every (n + 1, 3−)-arc S ∪ {x}, with singleton U1 = {x} that is constructed from
the (n, 3−)-arc S of Rn, for n > N . If every (n+ 1, 3−)-arc without a singleton is also passed
into
⋃
S∈Rn R
(S)
n+1, for n > N , then the need to determine the canonical form is completely
removed. For sufficiently large N the increase in the magnitude of
⋃
S∈Rn R
(S)
n+1 is small.
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Table 3.1: Spectrum of complete (n, 3)-arcs
13 14 15 16 17 18 19 20 21
Table 3.2: Number of inequivalent (n, 3)-arcs
inequivalent inequivalent inequivalent
n complete n incomplete n incomplete
(n, 3)-arcs (n, 3)-arcs (n, 3)-arcs
13 5 5 3 14 76 935 881
14 146 6 38 15 73 086 254
15 71 584 7 543 16 31 342 655
16 1 573 677 8 6 743 17 3 801 624
17 2 082 781 9 70 550 18 74 273
18 259 585 10 574 775 19 291
19 4 176 11 3 520 994 20 2
20 15 12 15 291 641
21 2 13 44 020 755
3.3 The classification
Table 3.1 gives the spectrum of sizes of complete (n, 3)-arcs in PG(2, 11). Table 3.2 gives the
number of classes of projectively equivalent (n, 3)-arcs in PG(2, 11).
In Table 3.3, the classes of projectively equivalent complete (n, 3)-arcs in PG(2, 11) are
further classified according to their automorphism groups. An entry of the form G : α
indicates that there are α classes of projectively equivalent (n, 3)-arcs with automorphism
group isomorphic to G.
Note 3.24. In Chapter 5, the classes of projectively equivalent incomplete (n, 3)-arcs in
PG(2, 11) are further classified according to their automorphism groups. This is achieved
using a different and much faster method as described fully in Chapter 5.
To determine the automorphism or stabilizer group of an (n, 3)-arc S, first calculate every
projectivity (T, g) ∈ PGL(3, q) that maps S to itself; that is Sg = S. This is achieved by
finding every g that maps a 4-arc of S onto {e1, e2, e3, e4} and then determining if Sg = S.
The group of stabilizers of S consists of all such projectivities. If this group has order
i = 1, 2, 3, 5, 7, 11, 13, 15, 17, 19, 23, then it is isomorphic to Zi. If the group has order i =
4, 6, 8, 9, 10, 12, 14, 18, 20, 21, 22, 24, then the group with which it is isomorphic is determined
by the order of its elements. In Tables 3.4 to 3.16, an entry of the form 3,2 indicates that
this group has 2 elements of order 3. If the ordering of elements in groups of order 16 is
not unique, then these groups may be distinguished by identifying if the group is Abelian or
non-Abelian or by the cardinality of the set {g2 | g ∈ G}.
There are two groups that are used in the classification of classes of projectively equivalent
(n, 3)-arcs in PG(2, 11) that are not in one of these tables, the first is Z19 o Z3; this group
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Table 3.3: Classification by automorphism group
n = 13 Z2 : 1 Z6 : 1 S3 : 2 D5 : 1
n = 14 Z1 : 138 Z2 : 8
Z1 : 70 705 Z2 : 794 Z3 : 56 Z4 : 2
Z2 × Z2 : 6 Z6 : 2 S3 : 15 D5 : 2n = 15
S4 : 2
Z1 : 1 572 864 Z2 : 613 Z3 : 196 Z2 × Z2 : 1n = 16
Z6 : 2 S3 : 1
Z1 : 2 078 955 Z2 : 3 782 Z4 : 9 Z2 × Z2 : 20
Z5 : 5 Z8 : 1 D4 : 5 Q4 : 1n = 17
D5 : 3
Z1 : 259 174 Z2 : 234 Z3 : 166 Z4 : 4
Z2 × Z2 : 1 Z5 : 1 S3 : 3 A4 : 1n = 18
S4 : 1
Z1 : 4 055 Z2 : 76 Z3 : 35 Z4 : 1n = 19
Z2 × Z2 : 5 S3 : 3 Z19 o Z3 : 1
n = 20 Z1 : 13 Z2 : 2
n = 21 Z7 o Z3 : 2
has one Abelian normal subgroup of order 19, nineteen Abelian non-normal subgroups of
order 3 and one subgroup of order 1, the identity. The second is a group of order 60 that is
described in Section 1.2.9.
Table 3.4: Groups of order 4
Z4 1,1 2,1 4,2
Z2 × Z2 1,1 2,3
Table 3.5: Groups of order 6
Z6 1,1 2,1 3,2 6,2
S3 1,1 2,3 3,2
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Table 3.6: Groups of order 8
Z8 1,1 2,1 3,2 8,4
Z2 × Z4 1,1 2,3 4,4
(Z2)
3 1,1 2,7
D4 1,1 2,5 4,2
Q4 1,1 2,1 4,6
Table 3.7: Groups of order 9
Z9 1,1 3,2 9,6
Z3 × Z3 1,1 3,8
Table 3.8: Groups of order 10
Z10 1,1 2,1 5,4 10,4
D5 1,1 2,5 5,4
Table 3.9: Groups of order 12
Z12 1,1 2,1 3,2 4,2 6,2 12,4
Z6 × Z2 1,1 2,3 3,2 6,6
D6 1,1 2,7 3,2 6,2
Q6 1,1 2,1 3,2 4,6 6,2
A4 1,1 2,3 3,8
Table 3.10: Groups of order 14
Z14 1,1 2,1 7,6 14,6
D7 1,1 2,7 7,6
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Table 3.11: Groups of order 16
Z16 1,1 2,1 4,2 8,4 16,8
Z8 × Z2 1,1 2,3 4,4 8,8 Abelian
Z4 × Z4 1,1 2,3 4,12 Abelian
Z4 × (Z2)2 1,1 2,7 4,8 Abelian
(Z2)
4 1,1 2,15
D8 1,1 2,9 4,2 8,4
Q8 1,1 2,1 4,10 8,4
D4 × Z2 1,1 2,11 4,4
Q4 × Z2 1,1 2,3 4,12 non-Abelian |{g2 | g ∈ G}| = 2
Z8 o Z2, H1 1,1 2,3 4,4 8,8 non-Abelian
Z8 o Z2, H2 1,1 2,5 4,6 8,4
Z4 o Z2 1,1 2,3 4,12 non-Abelian |{g2 | g ∈ G}| = 3
(Z4 × Z2)o Z2, H3 1,1 2,7 4,8 non-Abelian |{g2 | g ∈ G}| = 2
(Z4 × Z2)o Z2, H4 1,1 2,7 4,8 non-Abelian |{g2 | g ∈ G}| = 3
Table 3.12: Groups of order 18
Z18 1,1 2,1 3,2 6,2 9,6 18,6
Z6 × Z3 1,1 2,1 3,8 6,8
D9 1,1 2,9 3,2 9,6
S3 × Z3 1,1 2,3 3,8 6,6
(Z3 × Z3)o Z2 1,1 2,9 3,8
Table 3.13: Groups of order 20
Z20 1,1 2,1 4,2 5,4 10,5 20,7
Z10 × Z2 1,1 2,3 5,4 10,12
D10 1,1 2,11 5,4 10,4
Q10 1,1 2,1 4,10 5,4 10,4
Z5 o Z4 1,1 2,5 4,10 5,4
Table 3.14: Groups of order 21
Z21 1,1 3,2 7,6 21,12
Z7 o Z3 1,1 3,14 7,6
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Table 3.15: Groups of order 22
Z22 1,1 2,1 11,10 22,10
D11 1,1 2,11 11,10
Table 3.16: Groups of order 24
Z24 1,1 2,1 3,2 4,2 6,2 8,4 12,4 24,8
Z12 × Z2 1,1 2,3 3,2 4,4 6,6 12,8
Z6 × (Z2)2 1,1 2,7 3,2 6,14
S4 1,1 2,9 3,8 4,6
D12 1,1 2,13 3,2 4,2 6,2 12,4
Q12 1,1 2,1 3,2 4,14 6,2 12,4
D6 × Z2 1,1 2,15 3,2 6,6
A4 × Z2 1,1 2,7 3,8 6,8
Q6 × Z3 1,1 2,3 4,12 6,6
D4 × Z3 1,1 2,5 3,2 4,2 6,10 12,4
Q4 × Z3 1,1 2,1 3,2 4,6 6,2 12,12
S3 × Z4 1,1 2,7 3,2 4,8 6,2 12,4
SL(2, 3) 1,1 2,1 3,8 4,6 6,8
Z3 o Z8 1,1 2,1 3,2 4,2 6,2 8,12 12,4
Z4 oD4 1,1 2,9 3,2 4,6 6,6
Chapter 4
The Largest Complete (n, 4)-arcs in
PG(2, 11)
Given the classification of all (n, 3)-arcs up to projective equivalence in PG(2, 11), it will be
established that no (n, 3)-arc may be extended to a (33, 4)-arc. By the existence of complete
(32, 4)-arcs, the size of the largest (n, 4)-arc in PG(2, 11) is 32.
Let Sk denote the (n + k, 4)-arc S ∪ {x0} ∪ · · · ∪ {xk−1}, where S is an (n, 3)-arc and
x0, . . . , xk−1 are k suitably chosen points; that is, Sk is an extension of the (n, 3)-arc S.
Proposition 4.1. The only points that need to be considered in the extension of S to Sk are
those points that are on at least one trisecant of S.
Proof If S is complete, then every point x /∈ S is on at least one trisecant of S. If S is not
complete and x /∈ S is a point that is not on a trisecant of S, then S∪{x} is an (n+1, 3)-arc.
However, all the extensions of (n+ 1, 3)-arcs are considered separately. 
Proposition 4.2. If it is possible to extend an (n, 3)-arc S to a (33, 4)-arc in PG(2, 11),
then n ≥ 12.
Proof If it is possible to extend S to the (33, 4)-arc S33−n = S ∪ {x0} ∪ · · · ∪ {x33−n−1},
then the 33 − n points xi ∈ S33−n\S are selected from unique trisecants of S. Therefore S
has at least 33− n trisecants. Substituting r = 3 and τ3 = 33− n into Equation 1.5 gives,
2τ2 = n
2 + 5n− 198.
For n ∈ N, the value of τ2 is non-negative if and only if n ≥ 12. 
Let qSk(x) denote the number of 4-secants of Sk = S ∪ {x0} ∪ · · · ∪ {xk−1} through the
point x. One limitation on the points xi ∈ Sk\S is that a new point xk may only be added
to Sk if qSk(xk) = 0.
41
42 Arcs in a Finite Projective Plane
4.1 The algorithm
For every class of projectively equivalent (n, 3)-arcs in PG(2, 11), where n ≥ 12, consider
a representative S. The algorithm determines if S may be extended to a complete (33, 4)-
arc by considering every possible extension S ∪ {x0} ∪ · · · ∪ {x33−n−1}, where the points
x0, . . . , x33−n−1 are on at least one trisecant of S. The point xi is not on a 4-secant of
S ∪ {x0} ∪ · · · ∪ {xi−1} and the ordering of the points follows the appropriate structure.
Every extension of an (n, 3)-arc S that could possibly be extended to a (33, 4)-arc will be
considered ensuring an exhaustive search. For speed improvements, an ordering is imposed
on the points that are used to extend S; this does not alter the exhaustive nature of the
search.
4.1.1 Ordering of points
For an (n, 3)-arc S, only points from PG(2, 11)\S that are on at least one trisecant of S are
to be used in the extension of S. A table is constructed containing one entry for each point
of PG(2, 11)\S that is on at least one trisecant of S.
Construction 4.3. Let S have t trisecants. Then a table is created with t rows, where every
row consists of the nine points of a unique trisecant of S that are not in S.
For rows 0, . . . , t− 1 in order, all but the first instances of every point are removed and
if after this process a row is left empty, then the row is also removed. This removal of points
leaves a table containing one entry for each point of PG(2, q)\S that is on at least one
trisecant of S. At most one point from a row may be added to an (n + k, 4)-arc extended
from S.
Removing points in this way ensures that the first rows 0, . . . contain a much higher
number of points than any of the last rows . . . , t− 1. Rows are rearranged as necessary so
as to maximize this property.
The points represented on this table are ordered according to their row.
Construction 4.4. The points on this table are ordered according to their row in descending
order. That is, for S∪{x0}∪· · ·∪{x33−n−1}, if ri denotes the row containing xi the (i+1)-th
point to be added to S in this sequence, then x0 < x1 < · · · < x33−n−2 < x33−n−1 if and only
if r0 > r1 > · · · > r33−n−2 > r33−n−1. No ordering of points within the rows is needed, as no
two points may be added to S from the same row.
As the points x0, . . . , x33−n−1 are added to S so as to ensure that x0 < x1 < · · · < x33−n−1,
with regard to this new ordering, the (i+ 1)-th point to be added to S may only be selected
from a limited number of rows. The (i + 1)-th point may only be selected from the rows
0, . . . , ri−1−1, where ri−1 denotes the row from which the i-th point is selected. Further, the
(i+ 1)-th point is not selected from the rows 0, . . . , ((33− n)− 1)− (i+ 1), since the points
xi+1, . . . , x(33−n)−1, of which there are ((33 − n) − 1) − (i + 1) must be selected from these
rows.
Note 4.5. A further advantage of selecting points from rows in descending order is that
points are being selected from rows containing very few points. The points from the rows
containing the most points are the last to be added to S; hence, many of them are incident
with 4-secants of S ∪ {x0} ∪ · · · ∪ {xi} and as such they are removed from consideration.
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Example 4.6. Consider S = {0, 1, 6, 12, 13, 23, 25, 35, 37, 47, 50, 62, 66, 72, 84, 110}, a com-
plete (16, 3)-arc in PG(2, 11). To extend S to a (33, 4)-arc, 17 points x0, . . . , x16 need to
be added to S. Table 4.1 is produced for S and it contains one entry for every point of
PG(2, 11)\S that is on at least one trisecant of S. The points in a row of Table 4.1 are
selected from a unique trisecant of S and only the first instances of every point are shown.
Hence, only one point from a row may be added to S. The (16, 3)-arc S has 29 not 27
trisecants, but 2 of these trisecants consist of points that are incident with other trisecants
and so would be blank; hence, they are removed. The ordering of the points in Table 4.1 is
103 < 73 < 114 < 128 < {92, 129} < {115, 130} < . . . .
The number (i) indicates the lowest value row from which the (i+1)-th point to be added
to S, xi, may be selected. For example, the 7-th point to be added to S, x6, may only be
selected from rows ≥ 10 and ≤ r5, the row containing the 6-th point to be added to S.
Table 4.1: Point selections
row 0 7 8 9 10 11 2 3 4 5 (16)
row 1 18 19 20 21 22 14 15 16 17 (15)
row 2 29 30 31 32 33 24 26 27 28 (14)
row 3 40 41 42 43 44 34 36 38 39 (13)
row 4 51 52 53 54 55 45 46 48 49 (12)
row 5 63 64 65 56 57 58 59 60 61 (11)
row 6 81 98 104 121 127 75 (10)
row 7 82 90 109 117 125 74 (9)
row 8 87 93 116 122 70 (8)
row 9 78 95 101 118 124 (7)
row 10 94 119 126 69 (6)
row 11 86 96 106 76 (5)
row 12 79 112 123 68 (4)
row 13 88 99 132 77 (3)
row 14 102 111 131 (2)
row 15 89 100 67 (1)
row 16 80 91 113 (0)
row 17 83 105
row 18 108 120
row 19 85 97
row 20 107 71
row 21 115 130
row 22 92 129
row 23 128
row 24 114
row 25 73
row 26 103
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4.2 Results
The search showed the non-existence of (33, 4)-arcs in PG(2, 11); hence, m4(2, 11) = 32. A
search for (32, 4)-arcs in PG(2, 11) extended from complete (n, 3)-arcs produced four pro-
jectively inequivalent (32, 4)-arcs, with representatives from each equivalence class displayed
in Table 4.2 and described below.
Table 4.2: Projectively inequivalent (32, 4)-arcs in PG(2, 11)
0=(0, 0, 1) 0=(0, 0, 1) 0=(0, 0, 1) 0=(0, 0, 1)
1=(0, 1,−5) 1=(0, 1,−5) 1=(0, 1,−5) 1=(0, 1,−5)
2=(0, 1,−4) 2=(0, 1,−4) 2=(0, 1,−4) 2=(0, 1,−4)
6=(0, 1, 0) 6=(0, 1, 0) 6=(0, 1, 0) 6=(0, 1, 0)
12=(1,−5,−5) 12=(1,−5,−5) 12=(1,−5,−5) 17=(1,−5, 0)
17=(1,−5, 0) 13=(1,−5,−4) 19=(1,−5, 2) 18=(1,−5, 1)
19=(1,−5, 2) 19=(1,−5, 2) 22=(1,−5, 5) 22=(1,−5, 5)
32=(1,−4, 4) 29=(1,−4, 1) 24=(1,−4,−4) 24=(1,−4,−4)
44=(1,−3, 5) 31=(1,−4, 3) 39=(1,−3, 0) 26=(1,−4,−2)
47=(1,−2,−3) 32=(1,−4, 4) 41=(1,−3, 2) 28=(1,−4, 0)
49=(1,−2,−1) 39=(1,−3, 0) 44=(1,−3, 5) 36=(1,−3,−3)
53=(1,−2, 3) 41=(1,−3, 2) 50=(1,−2, 0) 37=(1,−3,−2)
56=(1,−1,−5) 44=(1,−3, 5) 51=(1,−2, 1) 44=(1,−3, 5)
62=(1,−1, 1) 45=(1,−2,−5) 52=(1,−2, 2) 45=(1,−2,−5)
64=(1,−1, 3) 49=(1,−2,−1) 57=(1,−1,−4) 49=(1,−2,−1)
69=(1, 0,−3) 51=(1,−2, 1) 64=(1,−1, 3) 54=(1,−2, 4)
72=(1, 0, 0) 56=(1,−1,−5) 65=(1,−1, 4) 59=(1,−1,−2)
77=(1, 0, 5) 60=(1,−1,−1) 69=(1, 0,−3) 64=(1,−1, 3)
84=(1, 1, 1) 65=(1,−1, 4) 72=(1, 0, 0) 65=(1,−1, 4)
85=(1, 1, 2) 72=(1, 0, 0) 73=(1, 0, 1) 67=(1, 0,−5)
88=(1, 1, 5) 75=(1, 0, 3) 82=(1, 1,−1) 69=(1, 0,−3)
95=(1, 2, 1) 77=(1, 0, 5) 84=(1, 1, 1) 72=(1, 0, 0)
97=(1, 2, 3) 84=(1, 1, 1) 86=(1, 1, 3) 82=(1, 1,−1)
98=(1, 2, 4) 85=(1, 1, 2) 100=(1, 3,−5) 84=(1, 1, 1)
103=(1, 3,−2) 87=(1, 1, 4) 101=(1, 3,−4) 88=(1, 1, 5)
105=(1, 3, 0) 92=(1, 2,−2) 109=(1, 3, 4) 89=(1, 2,−5)
107=(1, 3, 2) 93=(1, 2,−1) 111=(1, 4,−5) 90=(1, 2,−4)
114=(1, 4,−2) 97=(1, 2, 3) 113=(1, 4,−3) 97=(1, 2, 3)
120=(1, 4, 4) 101=(1, 3,−4) 121=(1, 4, 5) 102=(1, 3,−3)
122=(1, 5,−5) 103=(1, 3,−2) 124=(1, 5,−3) 109=(1, 3, 4)
123=(1, 5,−4) 123=(1, 5,−4) 130=(1, 5, 3) 117=(1, 4, 1)
125=(1, 5,−2) 125=(1, 5,−2) 131=(1, 5, 4) 119=(1, 4, 3)
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As is stated in Definition 5.1, a (32, 4)-arc S will be said to have the form (t0, t1, t2, t3, t4)
if it has exactly t0 external lines, t1 unisecants, t2 bisecants, t3 trisecants and t4 4-secants.
A point is said to have the form (a0, a1, a2, a3, a4) if it is incident with a0 external lines, a1
unisecants, a2 bisecants, a3 trisecants and a4 4-secants.
S1
The first complete (32, 4)-arc S1 has the form (20, 2, 16, 30, 65), with ten points of the form
(0, 0, 0, 5, 7), ten points of the form (0, 0, 1, 3, 8), two points of the form (0, 1, 1, 0, 10) and
ten points of the form (0, 0, 2, 1, 9). Its complement has twenty-five points of the form
(2, 0, 2, 4, 4), twenty points of the form (2, 1, 1, 3, 5), ten points of the form (3, 0, 1, 2, 6),
twenty-five points of the form (2, 0, 3, 2, 5), ten points of the form (3, 0, 0, 4, 5), ten points of
the form (4, 0, 0, 0, 8) and one point of the form (0, 2, 5, 0, 5).
S2
The second complete (32, 4)-arc S2 has the form (10, 22, 16, 10, 75), with twelve points of the
form (0, 1, 1, 0, 10), ten points of the form (0, 1, 0, 2, 9) and ten points of the form (0, 0, 2, 1, 9).
Its complement has ten points of the form (0, 4, 2, 0, 6), ten points of the form (2, 0, 3, 2, 5),
twenty points of the form (1, 3, 1, 1, 6), twenty-five points of the form (2, 2, 1, 0, 7), ten
points of the form (1, 2, 3, 0, 6), five points of the form (0, 2, 4, 2, 4), ten points of the form
(2, 2, 0, 2, 6), ten points of the form (0, 4, 1, 2, 5) and one point of the form (0, 2, 5, 0, 5).
S3
The third complete (32, 4)-arc S3 has the form (10, 22, 16, 10, 75), with twelve points of the
form (0, 1, 1, 0, 10), ten points of the form (0, 0, 2, 1, 9) and ten points of the form (0, 1, 0, 2, 9).
Its complement has fourty points of the form (1, 3, 1, 1, 6), ten points of the form (2, 2, 1, 0, 7),
five points of the form (2, 0, 4, 0, 6), five points of the form (0, 4, 2, 0, 6), ten points of the
form (3, 1, 0, 1, 7), ten points of the form (1, 2, 3, 0, 6), ten points of the form (1, 1, 3, 3, 4) and
one point of the form (0, 2, 5, 0, 5).
S4
The fourth complete (32, 4)-arc S4 has the form (10, 22, 16, 10, 75), with twelve points of
the form (0, 0, 1, 3, 8), eight points of the form (0, 1, 1, 0, 10) and twelve points of the form
(0, 1, 0, 2, 9). Its complement has four points of the form (3, 0, 1, 2, 6), twenty-four points
of the form (2, 2, 0, 2, 6), eight points of the form (1, 2, 2, 2, 5), eight points of the form
(2, 1, 2, 1, 6), sixteen points of the form (1, 3, 0, 3, 5), seven points of the form (0, 4, 2, 0, 6),
sixteen points of the form (2, 2, 1, 0, 7), eight points of the form (0, 4, 1, 2, 5), four points
of the form (2, 0, 2, 4, 4), four points of the form (0, 2, 3, 4, 3) and two points of the form
(2, 0, 3, 2, 5).
Chapter 5
Symmetry
5.1 Introduction
In this chapter ideas of symmetry are constructed and defined for (n, r)-arcs in PG(2, q). A
notion of symmetry between points and lines with respect to some (n, r)-arc in PG(2, q) is
also defined.
The symmetry between points and lines with respect to each of the four (32, 4)-arcs in
PG(2, 11) is used to demonstrate that using this type of symmetry it is possible to discover
the duals of these four (32, 4)-arcs.
Definition 5.1. An (n, r)-arc S in PG(2, q) with t0 external lines, t1 unisecants, . . ., tr
r-secants is said to have the form (t0, t1, . . . , tr).
A point of PG(2, q)\S on a0 external lines of S, a1 unisecants of S, . . ., ar r-secants of S
is said to have the form (a0, a1, . . . , ar) with respect to S.
A point of S on s1 unisecants of S, s2 bisecants of S, . . ., sr r-secants of S is said to have
the form (0, s1, s2, . . . , sr) with respect to S.
Proposition 5.2. No form is common to both points of S and points of PG(2, q)\S.
Proof Let a be a point of PG(2, q)\S with the form (a0, a1, . . . , ar) and s be a point of S
with the form (0, s1, s2, . . . , sr). If
(a0, a1, . . . , ar) = (0, s1, s2, . . . , sr),
then Equation 1.9 becomes
r∑
i=2
isi = n
and subtracting Equation 1.7 gives
r∑
i=1
si = 1;
a contradiction to Equation 1.6. 
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5.1.1 Construction
For an (n, r)-arc S in PG(2, q), let there be Na different forms of point in PG(2, q)\S and
let there be Ns different forms of point in S. In PG(2, q)\S the forms of the points are
(a
(i)
0 , a
(i)
1 , . . . , a
(i)
r ), for i = 0, . . . , Na− 1 and in S the forms of the points are (0, s(i)1 , . . . , s(i)r ),
for i = 0, . . . , Ns − 1.
Let L
(j)
1 be the set consisting of every line that is incident with n(a
(i), j) points from the
set a(i), for i = 0, . . . , Na − 1 and n(s(i), j) points from the set s(i), for i = 0, . . . , Ns − 1 and
suppose that there are M1 unique sets of lines. That is,
L
(j)
1 = {` | ` = (
n(a(0),j)︷ ︸︸ ︷
a(0), . . . , a(0), . . . ,
n(a(Na−1),j)︷ ︸︸ ︷
a(Na−1), . . . , a(Na−1),
n(s(0),j)︷ ︸︸ ︷
s(0), . . . , s(0), . . . ,
n(s(Ns−1),j)︷ ︸︸ ︷
s(Ns−1), . . . , s(Ns−1))},
for j = 0, . . . ,M1 − 1.
Let P
(i)
1 be the set consisting of every point that is incident with m(L
(j)
1 , i) lines from the
set L
(j)
1 and suppose that there are N1 unique sets of points. That is,
P
(i)
1 = {x | x = ∪(
m(L
(0)
1 ,i)︷ ︸︸ ︷
L
(0)
1 , . . . , L
(0)
1 ,
m(L
(1)
1 ,i)︷ ︸︸ ︷
L
(1)
1 , . . . , L
(1)
1 , . . . ,
m(L
(M1−1)
1 ,i)︷ ︸︸ ︷
L
(M1−1)
1 , . . . , L
(M1−1)
1 }),
for i = 0, . . . , N1 − 1.
If M1 6= N1, then the sets L(j)2 and P (i)2 , for j = 0, . . . ,M2 − 1 and i = 0, . . . , N2 − 1, are
constructed from the sets L
(j)
1 and P
(i)
1 , for j = 0, . . . ,M1 − 1 and i = 0, . . . , N1 − 1.
Let L
(j)
2 be the set consisting of every line that is incident with n(P
(i)
1 , j) points from the
set P
(i)
1 and suppose that there are M2 unique sets of lines. That is,
L
(j)
2 = {` | ` = (
n(P
(0)
1 ,j)︷ ︸︸ ︷
P
(0)
1 , . . . , P
(0)
1 ,
n(P
(1)
1 ,j)︷ ︸︸ ︷
P
(1)
1 , . . . , P
(1)
1 , . . . ,
n(P
(N1−1)
1 ,j)︷ ︸︸ ︷
P
(N1−1)
1 , . . . , P
(N1−1)
1 )},
for j = 0, . . . ,M2 − 1.
Let P
(i)
2 be the set consisting of every point that is incident with m(L
(j)
2 , i) lines from the
set L
(j)
2 and suppose that there are N2 unique sets of points. That is,
P
(i)
2 = {x | x = ∪(
m(L
(0)
2 ,i)︷ ︸︸ ︷
L
(0)
2 , . . . , L
(0)
2 ,
m(L
(1)
2 ,i)︷ ︸︸ ︷
L
(1)
2 , . . . , L
(1)
2 , . . . ,
m(L
(M2−1)
2 ,i)︷ ︸︸ ︷
L
(M2−1)
2 , . . . , L
(M2−1)
2 )},
for i = 0, . . . , N2 − 1.
If M2 6= N2, then the sets L(j)3 and P (i)3 , for j = 0, . . . ,M3 − 1 and i = 0, . . . , N3 − 1, are
constructed from the sets L
(j)
2 and P
(i)
2 , for j = 0, . . . ,M2 − 1 and i = 0, . . . , N2 − 1, in the
same way that these sets are constructed from the sets L
(j)
1 and P
(i)
1 , for j = 0, . . . ,M1 − 1
and i = 0, . . . , N1 − 1. This process continues until MΓ = NΓ.
Note 5.3. If a set of points P
(i)
Γ contains a point of S, then as P
(i)
Γ is a more detailed
description of the form of a set of points, P
(i)
Γ ⊂ S by Proposition 5.2. Similarly, if a set of
points P
(i)
Γ contains a point of PG(2, q)\S, then P (i)Γ ⊂ PG(2, q)\S by Proposition 5.2.
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5.1.2 Definitions
Definition 5.4. Let S be an (n, r)-arc in PG(2, q) and suppose that Γ is the smallest positive
integer such that MΓ = NΓ, then S is called weakly symmetrical of level Γ and size MΓ.
Notation 5.5. The order of the set P
(i)
Γ is denoted o(P
(i)
Γ ) and the order of the set L
(j)
Γ is
denoted o(L
(j)
Γ ).
For an (n, r)-arc S in PG(2, q), every point belongs to exactly one set of points and every
line belongs to exactly one set of lines; hence,
MΓ−1∑
i=0
o(P
(i)
Γ ) =
NΓ−1∑
j=0
o(L
(j)
Γ ) = q
2 + q + 1,
for every possible Γ,MΓ and NΓ.
Definition 5.6. Let S be a weakly symmetrical (n, r)-arc in PG(2, q) of level Γ, let L
(j)
Γ be
the set of lines
L
(j)
Γ = {` | ` = (
λ0︷ ︸︸ ︷
P
(0)
Γ , . . . , P
(0)
Γ ,
λ1︷ ︸︸ ︷
P
(1)
Γ , . . . , P
(1)
Γ , . . . ,
λδ︷ ︸︸ ︷
P
(δ)
Γ , . . . , P
(δ)
Γ )}
and let P
(i)
Γ be the set of points
P
(i)
Γ = {x | x = ∪(
λ0σ︷ ︸︸ ︷
L
(0σ)
Γ , . . . , L
(0σ)
Γ ,
λ1σ︷ ︸︸ ︷
L
(1σ)
Γ , . . . , L
(1σ)
Γ , . . . ,
λδσ︷ ︸︸ ︷
L
(δσ)
Γ , . . . , L
(δσ)
Γ )}
where σ is a permutation on Nδ. If in addition o(L
(j)
Γ ) = o(P
(i)
Γ ), then the set of lines L
(j)
Γ
and the set of points P
(i)
Γ are called symmetrical of level Γ and order o(L
(j)
Γ ) with respect to
S, this is denoted as L
(j)
Γ
S↔ P (i)Γ .
Note 5.7. The symmetry between the points and lines with respect to an (n, r)-arc S in
PG(2, q) is used in this work to find the duals of the four (32, 4)-arcs in PG(2, 11) and the
duals of the q-arcs and (q + 1)-arcs in PG(2, q), for q = 11, 13, 17, 19.
Definition 5.8. A weakly symmetrical (n, r)-arc S in PG(2, q) of level Γ and size MΓ is
called strongly symmetrical if and only if there exists a permutation σ on NMΓ−1 such that
o(P
(i)
Γ ) = o(L
(iσ)
Γ ).
Hence, there exists an equal number of sets of points PΓ of order Ω and sets of lines LΓ of
order Ω.
Notation 5.9. For a strongly symmetrical (n, r)-arc S in PG(2, q) of level Γ, where Γ is the
smallest positive integer for which S is strongly symmetrical, the spectrum
W (S,Γ) = {o(P (0)Γ ), . . . , o(P (MΓ−1)Γ )},
together with the sizes ∣∣∣{P (i)Γ | o(P (i)Γ ) = y}∣∣∣ ,
for all y ∈ W (S,Γ), are called the strong symmetrical properties of S.
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Definition 5.10. A strongly symmetrical (n, r)-arc S in PG(2, q) of level Γ and size MΓ
is called completely symmetrical if and only if there exists a permutation σ on NMΓ−1 such
that
o(P
(i)
Γ ) = o(L
(iσ)
Γ )
and
P
(i)
Γ
S↔ L(iσ)Γ ,
for all i ∈ NMΓ−1.
Notation 5.11. For a completely symmetrical (n, r)-arc S in PG(2, q) the strong symmetri-
cal properties combined with the symmetrical properties of sets of points and lines are called
the complete symmetrical properties.
Note 5.12. It is possible for an (n, r)-arc S in PG(2, q) to be strongly symmetrical of level
Γ and size MΓ and completely symmetrical, but not completely symmetrical of level Γ and
size MΓ. For example, in PG(2, 11) the incomplete 11-arc is strongly symmetrical of level 1
but it is not completely symmetrical of level 1, it is however both strongly and completely
symmetrical of level 2 with M1 = M2.
Conjecture 5.13. Every (n, r)-arc in PG(2, q) is weakly symmetrical. Every weakly sym-
metrical (n, r)-arc of level Γ1 and size MΓ1 in PG(2, q) is strongly symmetrical of level Γ1
and size MΓ1. Every strongly symmetrical (n, r)-arc of level Γ1 and size MΓ1 in PG(2, q) is
completely symmetrical of level Γ2 and size MΓ2, where Γ2 > Γ1 and MΓ2 ≥MΓ1.
Note 5.14. All n-arcs in PG(2, q), for q = 11, 13, 17, 19 are completely symmetrical of levels
1, 2 or 3 and are of various sizes. All (n, 3)-arcs in PG(2, 11) are at least strongly symmetrical
of levels 1, 2 or 3 and are of various sizes.
Note 5.15. The strong symmetrical properties of (n, r)-arcs in PG(2, q) are used to classify
the classes of projectively equivalent incomplete (n, 3)-arcs in PG(2, 11). The classification of
incomplete (n, 3)-arcs is no more complicated than the classification of complete (n, 3)-arcs,
but there are more than 248 million classes of projectively equivalent incomplete (n, 3)-arcs
and less than 4 million classes of projectively equivalent complete (n, 3)-arcs; making the
classification method used for complete (n, 3)-arcs impractical for the incomplete (n, 3)-arcs.
The new method of classification is described in detail in Chapter 6.
5.2 Dual
In this section S is assumed to be completely symmetrical.
Let S∗ denote the dual of an (n, r)-arc S in PG(2, q); that is, S∗ is a set consisting of n
lines in PG(2, q) at most r of which are incident with any point of PG(2, q).
Definition 5.16. A point of PG(2, q) is called an i-point if and only if it is on exactly i
lines of S∗.
A dual of an (n, r)-arc S∗ with s0 0-points, s1 unipoints, s2 bipoints, . . ., sr r-points is
said to have the form (s0, s1, . . . , sr).
A line through b0 0-points, b1 unipoints, b2 bipoints, . . ., br r-points is said to have the
form (b0, b1, . . . , br) with respect to S
∗.
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Note 5.17. An (n, r)-arc S has the form (t0, t1, . . . , tr) if and only if its dual has the form
(t0, t1, . . . , tr). There exists a point of PG(2, q) that has the form (a0, a1, . . . , ar) with respect
to S if and only if there exists a line in PG(2, q) that has the form (a0, a1, . . . , ar) with
respect to S∗.
Since S is completely symmetrical, it is possible to map the n points of S given by
{P (i)Γ | P (i)Γ ⊂ S} to a set of n lines {L(j)Γ | L(j)Γ S↔ P (i)Γ ⊂ S}.
As it may be possible to map S to more than one such set of lines, select n lines S to
satisfy the conditions: ‘the set of lines S consists of n lines at most 4 of which intersect at
any point’ and ‘some point is on exactly 4 lines of S’. If S is complete, then every line of S
is incident with at least one 4-point. The dual of S is S.
The 4 complete (32, 4)-arcs in PG(2, 11) S1, S2, S3 and S4 are symmetrical and linked to
their duals through this symmetry.
Example 5.18. For the first of the 4 complete (32, 4)-arcs S1, the points of S1 are labeled
s(0), . . . , s(3) to distinguish their form and the points of PG(2, 11)\S1 are labeled a(0), . . . , a(6)
to distinguish their form. The lines in PG(2, 11) have the following incidence structure and
quantities.∣∣∣`(0) = {`(0)k = (a(0), a(0), a(0), a(0), a(1), a(1), a(2), a(2), a(3), s(0), s(0), s(1))}∣∣∣ = 10∣∣∣`(1) = {`(1)k = (a(0), a(0), a(1), a(2), a(3), a(3), a(4), a(5), s(0), s(1), s(2), s(3))}∣∣∣ = 20∣∣∣`(2) = {`(2)k = (a(1), a(1), a(3), a(3), a(3), a(3), a(5), a(5), s(0), s(0), s(1), s(1))}∣∣∣ = 10∣∣∣`(3) = {`(3)k = (a(0), a(0), a(0), a(1), a(1), a(3), a(3), a(4), a(4), s(0), s(0), s(3))}∣∣∣ = 10∣∣∣`(4) = {`(4)k = (a(0), a(1), a(1), a(2), a(2), a(3), a(3), a(5), s(0), s(0), s(3), s(3))}∣∣∣ = 10∣∣∣`(5) = {`(5)k = (a(0), a(0), a(0), a(1), a(1), a(3), a(3), a(4), a(4), s(0), s(1), s(1))}∣∣∣ = 10∣∣∣`(6) = {`(6)k = (a(0), a(0), a(3), a(4), a(4), a(5), a(5), a(6), s(0), s(0), s(3), s(3))}∣∣∣ = 5∣∣∣`(7) = {`(7)k = (a(1), a(1), a(2), a(2), a(3), a(3), a(4), a(4), s(1), s(1), s(3), s(3))}∣∣∣ = 10∣∣∣`(8) = {`(8)k = (a(0), a(0), a(0), a(0), a(1), a(1), a(5), a(5), s(1), s(1), s(3), s(3))}∣∣∣ = 10∣∣∣`(9) = {`(9)k = (a(0), a(0), a(0), a(2), a(2), a(3), a(3), a(3), a(3), a(6), s(1), s(1))}∣∣∣ = 5∣∣∣`(10) = {`(10)k = (a(0), a(0), a(0), a(1), a(1), a(3), a(3), a(3), a(3), a(3), s(3), s(3))}∣∣∣ = 10∣∣∣`(11) = {`(11)k = (a(0), a(0), a(0), a(1), a(1), a(2), a(2), a(3), a(3), a(4), a(5), a(5))}∣∣∣ = 10∣∣∣`(12) = {`(12)k = (a(1), a(1), a(1), a(1), a(1), a(1), a(1), a(1), a(1), a(1), a(6), s(2))}∣∣∣ = 2∣∣∣`(13) = {`(13)k = (a(0), a(0), a(1), a(1), a(2), a(3), a(3), a(3), a(4), a(4), a(5), a(5))}∣∣∣ = 10∣∣∣`(14) = {`(14)k = (a(0), a(0), a(0), a(0), a(0), a(3), a(3), a(3), a(3), a(3), s(2), s(2))}∣∣∣ = 1
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The sets of points of PG(2, 11) can now be expressed in terms of the sets of lines `(j) with
which they are incident. Here, a ∗ indicates that P ∗(i) = P (i) ⊂ S1, in particular s(0) = P (0),
s(1) = P (1), s(2) = P (7) and s(3) = P (10).∣∣∣P ∗(0) = {P ∗(0)k = (`(0), `(0), `(1), `(1), `(2), `(2), `(3), `(3), `(4), `(4), `(5), `(6))}∣∣∣ = 10∣∣∣P ∗(1) = {P ∗(1)k = (`(0), `(1), `(1), `(2), `(2), `(5), `(5), `(7), `(7), `(8), `(8), `(9))}∣∣∣ = 10∣∣∣P (2) = {P (2)k = (`(0), `(0), `(1), `(1), `(5), `(5), `(6), `(8), `(10), `(10), `(11), `(11))}∣∣∣ = 10∣∣∣P (3) = {P (3)k = (`(0), `(1), `(2), `(3), `(4), `(5), `(7), `(8), `(10), `(11), `(12), `(13))}∣∣∣ = 20∣∣∣P (4) = {P (4)k = (`(0), `(0), `(1), `(1), `(4), `(4), `(7), `(7), `(9), `(11), `(11), `(13))}∣∣∣ = 10∣∣∣P (5) = {P (5)k = (`(0), `(0), `(1), `(1), `(3), `(3), `(8), `(8), `(9), `(10), `(13), `(13))}∣∣∣ = 10∣∣∣P (6) = {P (6)k = (`(0), `(0), `(2), `(2), `(6), `(7), `(7), `(10), `(10), `(13), `(13), `(14))}∣∣∣ = 5∣∣∣P ∗(7) = {P ∗(7)k = (`(1), `(1), `(1), `(1), `(1), `(1), `(1), `(1), `(1), `(1), `(12), `(14))}∣∣∣ = 2∣∣∣P (8) = {P (8)k = (`(1), `(1), `(2), `(2), `(3), `(3), `(7), `(9), `(10), `(10), `(11), `(11))}∣∣∣ = 10∣∣∣P (9) = {P (9)k = (`(1), `(1), `(2), `(4), `(4), `(5), `(5), `(9), `(10), `(10), `(13), `(13))}∣∣∣ = 10∣∣∣P ∗(10) = {P ∗(10)k = (`(1), `(1), `(3), `(4), `(4), `(6), `(7), `(7), `(8), `(8), `(10), `(10))}∣∣∣ = 10∣∣∣P (11) = {P (11)k = (`(1), `(1), `(3), `(3), `(5), `(5), `(6), `(7), `(7), `(11), `(13), `(13))}∣∣∣ = 10∣∣∣P (12) = {P (12)k = (`(1), `(1), `(2), `(2), `(4), `(6), `(8), `(8), `(11), `(11), `(13), `(13))}∣∣∣ = 10∣∣∣P (13) = {P (13)k = (`(3), `(3), `(4), `(4), `(5), `(5), `(8), `(8), `(9), `(11), `(11), `(14))}∣∣∣ = 5∣∣∣P (14) = {P (14)k = (`(6), `(6), `(6), `(6), `(6), `(9), `(9), `(9), `(9), `(9), `(12), `(12))}∣∣∣ = 1
The sets of lines of PG(2, 11) can now be expressed in terms of the sets of points P (i) with
which they are incident. Here, a ∗ indicates that the line L∗(j) ∈ S1, the dual of S1 and∣∣L(j)∣∣ = ∣∣`(j)∣∣.
L∗(0) = {L∗(0)k = (P ∗(0), P ∗(0), P ∗(1), P (2), P (2), P (3), P (3), P (4), P (4), P (5), P (5), P (6))}
L(1) = {L(1)k = (P ∗(0), P ∗(1), P (2), P (3), P (4), P (5), P ∗(7), P (8), P (9), P ∗(10), P (11), P (12))}
L(2) = {L(2)k = (P ∗(0), P ∗(0), P ∗(1), P ∗(1), P (3), P (3), P (6), P (8), P (8), P (9), P (12), P (12))}
L∗(3) = {L∗(3)k = (P ∗(0), P ∗(0), P (3), P (3), P (5), P (5), P (8), P (8), P ∗(10), P (11), P (11), P (13))}
L(4) = {L(4)k = (P ∗(0), P ∗(0), P (3), P (3), P (4), P (4), P (9), P (9), P ∗(10), P ∗(10), P (12), P (13))}
L(5) = {L(5)k = (P ∗(0), P ∗(1), P (1), P (2), P (2), P (3), P (3), P (9), P (9), P (11), P (11), P (13))}
L(6) = {L(6)k = (P ∗(0), P ∗(0), P (2), P (2), P (6), P ∗(10), P ∗(10), P (11), P (11), P (12), P (12), P (14))}
L∗(7) = {L∗(7)k = (P ∗(1), P ∗(1), P (3), P (3), P (4), P (4), P (6), P (8), P ∗(10), P ∗(10), P (11), P (11))}
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L(8) = {L(8)k = (P ∗(1), P ∗(1), P (2), P (3), P (3), P (5), P (5), P ∗(10), P ∗(10), P (12), P (12), P (13))}
L(9) = {L(9)k = (P ∗(1), P ∗(1), P (4), P (4), P (5), P (5), P (8), P (8), P (9), P (9), P (13), P (14))}
L(10) = {L(10)k = (P (2), P (2), P (3), P (3), P (5), P (6), P (8), P (8), P (9), P (9), P ∗(10), P ∗(10))}
L(11) = {L(11)k = (P (2), P (2), P (3), P (3), P (4), P (4), P (8), P (8), P (11), P (12), P (12), P (13))}
L∗(12) = {L∗(12)k = (P (3), P (3), P (3), P (3), P (3), P (3), P (3), P (3), P (3), P (3), P ∗(7), P (14))}
L(13) = {L(13)k = (P (3), P (3), P (4), P (5), P (5), P (6), P (9), P (9), P (11), P (11), P (12), P (12))}
L(14) = {L(14)k = (P (6), P (6), P (6), P (6), P (6), P ∗(7), P ∗(7), P (13), P (13), P (13), P (13), P (13))}
The complete symmetrical properties of S1 in PG(2, 11) can be described as follows. For
the points of S1, ∣∣∣P (0) S↔ L(7)∣∣∣ = ∣∣∣P (1) S↔ L(3)∣∣∣ = 10,∣∣∣P (7) S↔ L(12)∣∣∣ = 2, ∣∣∣P (10) S↔ L(0)∣∣∣ = 10.
For the points of PG(2, 11)\S1, ∣∣∣P (3) S↔ L(1)∣∣∣ = 20,∣∣∣P (2) S↔ L(10)∣∣∣ = ∣∣∣P (4) S↔ L(8)∣∣∣ = 10,∣∣∣P (5) S↔ L(4)∣∣∣ = ∣∣∣P (8) S↔ L(5)∣∣∣ = 10,∣∣∣P (6) S↔ L(6)∣∣∣ = ∣∣∣P (13) S↔ L(9)∣∣∣ = 5,∣∣∣P (9) S↔ L(11)∣∣∣ = ∣∣∣P (11) S↔ L(2)∣∣∣ = ∣∣∣P (12) S↔ L(13)∣∣∣ = 10,∣∣∣P (14) S↔ L(14)∣∣∣ = 1.
5.2.1 The duals of the complete (32, 4)-arcs in PG(2, 11)
Here, the forms of the duals of the complete (32, 4)-arcs S1, S2, S3 and S4 in PG(2, 11) are
described.
The dual of S1
The complete (32, 4)-arc S1 is completely symmetrical. Link the set of points P
(0) with
the set of lines L(7), the set of points P (1) with the set of lines L(3), the set of points
P (7) with the set of lines L(12) and the set of points P (10) with the set of lines L(0). Then
S1 = L
(0) ∪ L(3) ∪ L(7) ∪ L(12) is the dual of S1 and it contains the lines:
{(0, 0, 1) + α(0, 1, 1) : α ∈ F11} ∪ (0, 1, 1) ∈ L(0)
{(0, 0, 1) + α(1, 3, 1) : α ∈ F11} ∪ (1, 3, 1) ∈ L(3)
{(0, 0, 1) + α(1,−1, 1) : α ∈ F11} ∪ (1,−1, 1) ∈ L(3)
{(0, 0, 1) + α(1, 2, 1) : α ∈ F11} ∪ (1, 2, 1) ∈ L(0)
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{(0, 1,−5) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(7)
{(0, 1,−5) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(7)
{(0, 1,−4) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(0)
{(0, 1,−3) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(12)
{(0, 1,−3) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(7)
{(0, 1,−3) + α(1, 1, 1) : α ∈ F11} ∪ (1, 1, 1) ∈ L(3)
{(0, 1,−2) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(7)
{(0, 1,−2) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(0)
{(0, 1,−2) + α(1, 1, 1) : α ∈ F11} ∪ (1, 1, 1) ∈ L(7)
{(0, 1,−1) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(12)
{(0, 1,−1) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(7)
{(0, 1,−1) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(3)
{(0, 1, 0) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(0)
{(0, 1, 0) + α(1, 1, 3) : α ∈ F11} ∪ (1, 1, 3) ∈ L(3)
{(0, 1, 0) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(3)
{(0, 1, 1) + α(1, 1, 3) : α ∈ F11} ∪ (1, 1, 3) ∈ L(3)
{(0, 1, 1) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(0)
{(0, 1, 1) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(3)
{(0, 1, 2) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(0)
{(0, 1, 3) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(3)
{(0, 1, 3) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(3)
{(0, 1, 3) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(0)
{(0, 1, 4) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(0)
{(0, 1, 4) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(7)
{(0, 1, 4) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(7)
{(0, 1, 5) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(7)
{(0, 1, 5) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(0)
{(0, 1, 5) + α(1, 1, 1) : α ∈ F11} ∪ (1, 1, 1) ∈ L(7)
The dual of the complete (32, 4)-arc S1 has twenty 0-points, two unipoints, sixteen bipoints,
thirty tripoints and sixty-five 4-points.
The dual of the complete (32, 4)-arc S1 consists of ten lines of the form (0, 0, 0, 5, 7) that
are denoted as L(7), ten lines of the form (0, 0, 1, 3, 8) that are denoted as L(3), two lines of
the form (0, 1, 1, 0, 10) that are denoted as L(12) and ten lines of the form (0, 0, 2, 1, 9) that
are denoted as L(0).
Its complement has twenty-five lines of the form (2, 0, 2, 4, 4), twenty lines of the form
(2, 1, 1, 3, 5), ten lines of the form (3, 0, 1, 2, 6), twenty-five lines of the form (2, 0, 3, 2, 5), ten
lines of the form (3, 0, 0, 4, 5), ten lines of the form (4, 0, 0, 0, 8) and one line of the form
(0, 2, 5, 0, 5).
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The dual of S2
The complete (32, 4)-arc S2 is completely symmetrical. Its dual S2 consists of ten lines of
the form (0, 1, 1, 0, 10) that are denoted as L(0), ten lines of the form (0, 1, 0, 2, 9) that are
denoted as L(1), ten lines of the form (0, 0, 2, 1, 9) that are denoted as L(2) and two lines of
the form (0, 1, 1, 0, 10) that are denoted as L(3) and these are separate from the lines of L(0).
{(0, 0, 1) + α(0, 1, 1) : α ∈ F11} ∪ (0, 1, 1) ∈ L(0)
{(0, 0, 1) + α(1,−5, 1) : α ∈ F11} ∪ (1,−5, 1) ∈ L(1)
{(0, 0, 1) + α(1,−3, 1) : α ∈ F11} ∪ (1,−3, 1) ∈ L(1)
{(0, 0, 1) + α(1,−2, 1) : α ∈ F11} ∪ (1,−2, 1) ∈ L(0)
{(0, 1,−5) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(0)
{(0, 1,−5) + α(1, 1, 2) : α ∈ F11} ∪ (1, 1, 2) ∈ L(1)
{(0, 1,−5) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(1)
{(0, 1,−4) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(0)
{(0, 1,−4) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(2)
{(0, 1,−4) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(2)
{(0, 1,−3) + α(1, 1, 1) : α ∈ F11} ∪ (1, 1, 1) ∈ L(2)
{(0, 1,−3) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(0)
{(0, 1,−3) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(2)
{(0, 1,−2) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(0)
{(0, 1,−2) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(1)
{(0, 1,−2) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(1)
{(0, 1,−1) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(2)
{(0, 1,−1) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(3)
{(0, 1,−1) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(1)
{(0, 1, 0) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(1)
{(0, 1, 0) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(0)
{(0, 1, 0) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(1)
{(0, 1, 1) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(2)
{(0, 1, 1) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(2)
{(0, 1, 1) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(0)
{(0, 1, 2) + α(1, 1, 5) : α ∈ F11} ∪ (1, 1, 5) ∈ L(0)
{(0, 1, 3) + α(1, 1, 3) : α ∈ F11} ∪ (1, 1, 3) ∈ L(1)
{(0, 1, 3) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(3)
{(0, 1, 3) + α(1, 1, 1) : α ∈ F11} ∪ (1, 1, 1) ∈ L(2)
{(0, 1, 4) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(2)
{(0, 1, 4) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(2)
{(0, 1, 4) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(0)
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The dual of the complete (32, 4)-arc S2 has ten 0-points, twenty-two unipoints, sixteen
bipoints, ten tripoints and seventy-five 4-points.
The dual of the complete (32, 4)-arc S2 consists of twelve lines of the form (0, 1, 1, 0, 10),
ten lines of the form (0, 1, 0, 2, 9) and ten lines of the form (0, 0, 2, 1, 9).
Its complement has ten lines of the form (0, 4, 2, 0, 6), ten lines of the form (2, 0, 3, 2, 5),
twenty lines of the form (1, 3, 1, 1, 6), twenty-five lines of the form (2, 2, 1, 0, 7), ten lines of
the form (1, 2, 3, 0, 6), five lines of the form (0, 2, 4, 2, 4), ten lines of the form (2, 2, 0, 2, 6),
ten lines of the form (0, 4, 1, 2, 5) and one line of the form (0, 2, 5, 0, 5).
The dual of S3
The complete (32, 4)-arc S3 is completely symmetrical. Its dual S3 consists of ten lines of
the form (0, 0, 2, 1, 9) that are denoted as L(0), ten lines of the form (0, 1, 0, 2, 9) that are
denoted as L(1), ten lines of the form (0, 1, 1, 0, 10) that are denoted as L(2) and two lines of
the form (0, 1, 1, 0, 10) that are separate from the lines of L(2) and are denoted as L(3).
{(0, 0, 1) + α(0, 1, 1) : α ∈ F11} ∪ (0, 1, 1) ∈ L(0)
{(0, 0, 1) + α(1,−3, 1) : α ∈ F11} ∪ (1,−3, 1) ∈ L(1)
{(0, 0, 1) + α(1,−2, 1) : α ∈ F11} ∪ (1,−2, 1) ∈ L(2)
{(0, 0, 1) + α(1, 1, 1) : α ∈ F11} ∪ (1, 1, 1) ∈ L(0)
{(0, 1,−5) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(2)
{(0, 1,−5) + α(1, 1, 1) : α ∈ F11} ∪ (1, 1, 1) ∈ L(1)
{(0, 1,−5) + α(1, 1, 3) : α ∈ F11} ∪ (1, 1, 3) ∈ L(2)
{(0, 1,−4) + α(1, 1, 5) : α ∈ F11} ∪ (1, 1, 5) ∈ L(0)
{(0, 1,−4) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(2)
{(0, 1,−4) + α(1, 1, 3) : α ∈ F11} ∪ (1, 1, 3) ∈ L(0)
{(0, 1,−3) + α(1, 1, 2) : α ∈ F11} ∪ (1, 1, 2) ∈ L(2)
{(0, 1,−3) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(0)
{(0, 1,−3) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(0)
{(0, 1,−2) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(0)
{(0, 1,−2) + α(1, 1, 3) : α ∈ F11} ∪ (1, 1, 3) ∈ L(0)
{(0, 1,−2) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(2)
{(0, 1,−1) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(1)
{(0, 1,−1) + α(1, 1, 1) : α ∈ F11} ∪ (1, 1, 1) ∈ L(1)
{(0, 1, 0) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(0)
{(0, 1, 0) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(2)
{(0, 1, 0) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(1)
{(0, 1, 1) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(3)
{(0, 1, 1) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(2)
{(0, 1, 1) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(1)
{(0, 1, 2) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(1)
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{(0, 1, 2) + α(1, 1, 2) : α ∈ F11} ∪ (1, 1, 2) ∈ L(1)
{(0, 1, 2) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(1)
{(0, 1, 3) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(0)
{(0, 1, 4) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(1)
{(0, 1, 4) + α(1, 1, 2) : α ∈ F11} ∪ (1, 1, 2) ∈ L(3)
{(0, 1, 4) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(2)
{(0, 1, 5) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(2)
The dual of the complete (32, 4)-arc S3 has ten 0-points, twenty-two unipoints, sixteen
bipoints, ten tripoints and seventy-five 4-points.
The dual of the complete (32, 4)-arc S3 consists of twelve lines of the form (0, 1, 1, 0, 10),
ten lines of the form (0, 0, 2, 1, 9) and ten lines of the form (0, 1, 0, 2, 9).
Its complement has forty lines of the form (1, 3, 1, 1, 6), ten lines of the form (2, 2, 1, 0, 7),
five lines of the form (2, 0, 4, 0, 6), five lines of the form (0, 4, 2, 0, 6), ten lines of the form
(3, 1, 0, 1, 7), ten lines of the form (1, 2, 3, 0, 6), ten lines of the form (1, 1, 3, 3, 4) and one line
of the form (0, 2, 5, 0, 5).
The dual of S4
The complete (32, 4)-arc S4 is completely symmetrical. Its dual S4 consists of eight lines of
the form (0, 1, 1, 0, 10) that are denoted as L(0), eight lines of the form (0, 0, 1, 3, 8) that are
denoted as L(1), four lines of the form (0, 1, 0, 2, 9) that are denoted as L(2), four lines of the
form (0, 1, 0, 2, 9) that are separate from the lines of L(2) and are denoted as L(3), four lines
of the form (0, 0, 1, 3, 8) that are denoted as L(4) and four lines of the form (0, 1, 0, 2, 9) that
are separate from the lines of L(2) and L(3) and are denoted as L(5).
{(0, 0, 1) + α(0, 1, 1) : α ∈ F11} ∪ (0, 1, 1) ∈ L(0)
{(0, 0, 1) + α(1,−5, 1) : α ∈ F11} ∪ (1,−5, 1) ∈ L(1)
{(0, 0, 1) + α(1,−4, 1) : α ∈ F11} ∪ (1,−4, 1) ∈ L(2)
{(0, 0, 1) + α(1, 5, 1) : α ∈ F11} ∪ (1, 5, 1) ∈ L(3)
{(0, 1,−5) + α(1, 1, 0) : α ∈ F11} ∪ (1, 1, 0) ∈ L(0)
{(0, 1,−5) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(4)
{(0, 1,−5) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(4)
{(0, 1,−4) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(0)
{(0, 1,−4) + α(1, 1, 5) : α ∈ F11} ∪ (1, 1, 5) ∈ L(3)
{(0, 1,−4) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(3)
{(0, 1,−3) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(1)
{(0, 1,−3) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(1)
{(0, 1,−3) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(0)
{(0, 1,−2) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(1)
{(0, 1,−2) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(1)
{(0, 1,−2) + α(1, 1, 1) : α ∈ F11} ∪ (1, 1, 1) ∈ L(5)
Symmetry 57
{(0, 1, 0) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(4)
{(0, 1, 0) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(1)
{(0, 1, 0) + α(1, 1, 5) : α ∈ F11} ∪ (1, 1, 5) ∈ L(3)
{(0, 1, 1) + α(1, 1, 4) : α ∈ F11} ∪ (1, 1, 4) ∈ L(5)
{(0, 1, 1) + α(1, 1, 5) : α ∈ F11} ∪ (1, 1, 5) ∈ L(0)
{(0, 1, 1) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(2)
{(0, 1, 2) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(0)
{(0, 1, 3) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(5)
{(0, 1, 3) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(4)
{(0, 1, 3) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(2)
{(0, 1, 4) + α(1, 1,−3) : α ∈ F11} ∪ (1, 1,−3) ∈ L(0)
{(0, 1, 4) + α(1, 1,−5) : α ∈ F11} ∪ (1, 1,−5) ∈ L(2)
{(0, 1, 4) + α(1, 1,−4) : α ∈ F11} ∪ (1, 1,−4) ∈ L(5)
{(0, 1, 5) + α(1, 1, 5) : α ∈ F11} ∪ (1, 1, 5) ∈ L(0)
{(0, 1, 5) + α(1, 1,−2) : α ∈ F11} ∪ (1, 1,−2) ∈ L(1)
{(0, 1, 5) + α(1, 1,−1) : α ∈ F11} ∪ (1, 1,−1) ∈ L(1)
The dual of the complete (32, 4)-arc S4 has ten 0-points, twenty-two unipoints, sixteen
bipoints, ten tripoints and seventy-five 4-points.
The dual of the complete (32, 4)-arc S4 consists of twelve lines of the form (0, 0, 1, 3, 8),
eight lines of the form (0, 1, 1, 0, 10) and twelve lines of the form (0, 1, 0, 2, 9).
Its complement has four lines of the form (3, 0, 1, 2, 6), twenty-four lines of the form
(2, 2, 0, 2, 6), eight lines of the form (1, 2, 2, 2, 5), eight lines of the form (2, 1, 2, 1, 6), sixteen
lines of the form (1, 3, 0, 3, 5), seven lines of the form (0, 4, 2, 0, 6), sixteen lines of the form
(2, 2, 1, 0, 7), eight lines of the form (0, 4, 1, 2, 5), four lines of the form (2, 0, 2, 4, 4), four lines
of the form (0, 2, 3, 4, 3) and two lines of the form (2, 0, 3, 2, 5).
Chapter 6
Investigation of Symmetrical
Properties
In this chapter the strong symmetrical properties of a given (n, r)-arc in PG(2, q) as described
in Definition 5.8 and the connection between these properties and the stabilizer group of the
given (n, r)-arc are explored.
Tables 6.1, 6.2, 6.3, 6.4, 6.7, 6.9 and 6.11 classify either n-arcs or (n, 3)-arcs in PG(2, q)
up to projective equivalence for some specific value of q. All entries in these tables have the
form
G(MΓ : {Γ0, . . . ,Γk}) : y,
indicating that there are exactly y, classes of projectively equivalent (n, r)-arcs with stabilizer
group isomorphic to G that are strongly symmetrical of levels Γ0, . . . ,Γk and size MΓ.
Note 6.1. In this classification the level of strong symmetry Γ is taken as the the smallest
positive integer for which such symmetry exists. Hence, the level of complete symmetry may
be greater than Γ.
Tables 6.1, 6.7, 6.9 and 6.11 contain both complete and incomplete (n, r)-arcs, so in these
tables y is written as y1, y1 − yc2 or yc2, where y1 indicates the number of incomplete (n, r)-
arcs and y2 indicates the number of complete (n, r)-arcs. Tables 6.5, 6.6, 6.8, 6.10, 6.12 and
6.13 show the connection between the stabilizer group of strongly symmetrical (n, r)-arcs in
PG(2, q) and their strong symmetrical properties. For example, the entry
D8 order 1 2 4 8 16
number 1 1 2 17 10
in Table 6.10 indicates that some n-arc S in PG(2, 17) has stabilizer group isomorphic to
D8 and that S is strongly symmetrical with∣∣∣{P (i)Γ | o(P (i)Γ ) = 1}∣∣∣ = 1,∣∣∣{P (i)Γ | o(P (i)Γ ) = 2}∣∣∣ = 1,∣∣∣{P (i)Γ | o(P (i)Γ ) = 4}∣∣∣ = 2,
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∣∣∣{P (i)Γ | o(P (i)Γ ) = 8}∣∣∣ = 17,∣∣∣{P (i)Γ | o(P (i)Γ ) = 16}∣∣∣ = 10.
Note 6.2. There exists a unique correspondence between the stabilizer group of strongly
symmetrical n-arcs in PG(2, q) and their strong symmetrical properties, for q = 11, 13, 17, 19.
In PG(2, 11), there exist two strongly symmetrical (10, 3)-arcs with stabilizer group isomor-
phic to Z10, that have different strong symmetrical properties. There also exists a (10, 3)-arc
with stabilizer group isomorphic to D10; this has the same strong symmetrical properties as
the first of the (10, 3)-arcs with stabilizer group isomorphic to Z10, but they are distinguished
by level.
Question 6.3. Is there a distinguishing relationship between the stabilizer group of an
(n, r)-arc in PG(2, q) and its strong symmetrical properties, for all r and q?
Lemma 6.4. Let (T, g) ∈ PGL(2, q) be an element other than the identity. Then there exists
a line ` in PG(2, q) such that `g does not coincide with `.
Proof Since g is not the identity element there exists a point p of PG(2, q) such that pg
does not coincide with p. For `1 and `2, two lines through the point p, if p
g is not on `1,
then `1 does not coincide with `
g
1 and if p
g is on `1, then p
g is not on `2; that is, `2 does not
coincide with `g2. 
Lemma 6.5. If S is an (n, r)-arc in PG(2, q) that is stabilized by the automorphism group
G and ` is a line in PG(2, q), then the symmetrical properties of the line `g, where g ∈ G,
are the symmetrical properties of the line `.
Proof The symmetrical properties of the line `g with respect to Sg are the symmetrical
properties of the line ` with respect to S, since g is a projectivity. Since Sg = S, the
symmetrical properties of the line `g with respect to S are the symmetrical properties of the
line ` with respect to S. 
Proposition 6.6. Let S be an (n, r)-arc in PG(2, q). Then the stabilizer group of S is
isomorphic to Z1 if MΓ = NΓ = q
2 + q + 1.
Proof If g ∈ stab(S) 6= {I} and A 6= I, then there exists a line ` in PG(2, q) such that ` and
`g do not coincide by Lemma 6.4. The lines ` and `g have the same symmetrical properties
with respect to S by Lemma 6.5.
Hence, MΓ = q
2 + q + 1⇒ stab(S) = {I}. 
The follow conjectures are extensions of the information already collected and presented
in Tables 6.1 to 6.13.
Conjecture 6.7. Let S be an (n, r)-arc in PG(2, q). The stabilizer group of S is isomorphic
to Z1 if and only if MΓ = NΓ = q
2 + q + 1. The strong symmetrical structure of such an
(n, r)-arc consists of q2 + q + 1 points and lines.
60 Arcs in a Finite Projective Plane
Conjecture 6.8. Let S be an (n, r)-arc in PG(2, q). The stabilizer group of S is isomorphic
to Z2 if and only if MΓ = NΓ =
q2−1
2
+ q + 2. The strong symmetrical structure of such an
(n, r)-arc consists of q + 2 points and lines and q
2−1
2
sets of points and lines of order 2.
Conjecture 6.9. Let S be an (n, r)-arc in PG(2, q). The stabilizer group of S is isomorphic
to Zp, where p is a prime, if and only if the strong symmetrical properties of such an (n, r)-arc
consist of aq points and lines and bq sets of points and lines of order p, with pbq+aq = q
2+q+1.
Here, aq and bq are constant for each value of q.
Note 6.10. One possible line of investigation, with regard to proving these conjectures, is
the effect that matrices of prime order have on the projective plane PG(2, q). In particular,
subsets of PG(2, q) of the form
{xgi | i ∈ Np−1},
where (T, g) ∈ PGL(3, q) is isomorphic to Zp, are described in detail in Chapter 8.
6.1 The use of symmetrical properties in the classifi-
cation of incomplete (n, 3)-arcs in PG(2, 11)
In this section the strong symmetrical properties as described in Definition 5.8 are used to
classify the classes of projectively equivalent incomplete (n, 3)-arcs in PG(2, 11). This is done
by linking the stabilizer group of a given (n, 3)-arc with its strong symmetrical properties. It
is sufficient to consider only a small fraction of all incomplete (n, 3)-arcs in the classification,
since Proposition 6.6 states that if MΓ = NΓ = 133, then the stabilizer group is isomorphic
to Z1 and MΓ = NΓ = 133 is the most common result. The n-arcs in PG(2, 11) are listed
here, as both n-arcs and incomplete (n, 3)-arcs are used to construct the complete (n, 3)-arcs.
Table 6.1: Stabilizer group and symmetrical properties of all n-arcs in PG(2, 11)
n = 5 Z2(73 : 2) : 1 D5(21 : 2) : 1
Z1(133 : 2) : 1 Z2(73 : 2) : 2 Z3(45 : 2) : 2
Z4(37 : 2) : 2 Z2 × Z2(43 : 2) : 1 S3(29 : 2) : 4n = 6
D6(19 : 2) : 1 A4(15 : 2) : 1 G60(7 : 1) : 1
Z1(133 : 2) : 7 Z2(73 : 2) : 8 Z3(45 : 2) : 2
Z5(29 : 2) : 1 S3(29 : 2) : 1 D5(21 : 2) : 1n = 7
Z7 o Z3(7 : 2) : 1c
Z1(133 : 2) : 3 Z2(73 : 2) : 6− 5c Z2 × Z2(43 : 2) : 1cn = 8
D4(25 : 2) : 1− 1c D5(29 : 2) : 1c Z8 o Z2(38 : 2) : 1c
n = 9 Z2(73 : 2) : 1
c Z3(45 : 2) : 1
c S3(29 : 2) : 2− 1c
n = 10 G60(5 : 1) : 1
c
n = 11 G110(5 : 1) : 1
n = 12 G1320(3 : 1) : 1
c
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Table 6.2: Classification and symmetrical properties of complete (n, 3)-arcs
Z2(73 : 2) : 1 Z6(25 : 2) : 1 S3(29 : {1, 2}) : 2n = 13
D5(21 : 1) : 1
n = 14 Z1(133 : 2) : 138 Z2(73 : 1) : 8
Z1(133 : {1, 2}) : 70 705 Z2(73 : {1, 2}) : 794 Z3(45 : {1, 2}) : 56
Z4(37 : {1, 2}) : 2 Z2 × Z2(43 : {1, 2}) : 6 Z6(25 : {1, 2}) : 2n = 15
S4(11 : {1, 2}) : 2 S3(29 : {1, 2}) : 15 D5(21 : {1, 2}) : 2
Z1(133 : {1, 2}) : 1 572 864 Z2(73 : {1, 2}) : 613 Z3(45 : {1, 2}) : 196n = 16
Z2 × Z2(4 : 2) : 1 Z6(25 : {1, 2}) : 2 S3(29 : 2) : 1
Z1(133 : {1, 2}) : 2 078 955 Z2(73 : {1, 2}) : 3 782 Z4(37 : {1, 2}) : 9
Z2 × Z2(43 : {1, 2}) : 20 Z5(29 : {1, 2}) : 5 Z8(19 : 2) : 1n = 17
D4(25 : 1) : 5 Q4(19, 1) : 1 D5(21 : {1, 2}) : 3
Z1(133 : {1, 2}) : 259 174 Z2(73 : {1, 2}) : 234 Z3(45 : {1, 2}) : 166
Z4(37 : {1, 2}) : 4 Z2 × Z2(43 : 2) : 1 Z5(29 : 2) : 1n = 18
S3(29 : {1, 2}) : 3 A4(15 : 1) : 1 S4(11 : 1) : 1
Z1(133, {1, 2} : 4 055 Z2(73 : {1, 2}) : 76 Z3(45 : {1, 2} : 35
Z4(37 : 2) : 1 Z2 × Z2(43 : {1, 2}) : 5 S3(29{1, 2} : 3n = 19
Z19 o Z3(3 : 1) : 1
n = 20 Z1(133 : 2) : 13 Z2(73 : 2) : 2
n = 21 Z7 o Z3(7 : 1) : 2
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Table 6.3: Classification and symmetrical properties of incomplete (n, 3)-arcs, n = 5, . . . , 14
n = 5 Z2(73 : {2, 3}) : 1 Z2 × Z2(43 : 2) : 1 D4(25 : 3) : 1
Z1(133 : {1, 2}) : 18 Z2(73 : 2) : 11 Z3(45 : 2) : 5
Z5(29 : 2) : 1 S3(29 : 2) : 1 D4(25 : 2) : 1n = 6
S4(11 : 3) : 1
Z1(133 : {1, 2}) : 432 Z2(73 : 2) : 89 Z3(45 :, 2) : 5
Z4(37 : 2) : 2 Z2 × Z2(43 : 2) : 8 S3(29 : 2) : 6n = 7
D6(19 : 2) : 1 S4(11 : 2) : 1
Z1(133 : {1, 2}) : 6 498 Z2(73 : 2) : 329 Z4(37 : 2) : 4n = 8
Z2 × Z2(43 : 2) : 13 D4(25 : 2) : 1
Z1(133 : {1, 2}) : 68 958 Z2(73 : 2) : 1 400 Z3(45 : {1, 2}) : 122
Z4(37 : 2) : 4 Z2 × Z2(43 : 2) : 30 Z6(25 : 2) : 1
S3(29 : 2) : 29 D4(25 : 2) : 3 D6(19, 1) : 2
n = 9
Z8 o Z2(H2)(13 : 1) : 1
Z1(133 : {1, 2}) : 571 469 Z2(73 : {1, 2}) : 3 089 Z3(45 : {1, 2}) : 122
Z4(37 : {1, 2}) : 30 Z2 × Z2(43 : 2) : 37 Z5(29 : 2) : 2
Z6(25 : 2) : 1 S3(29 : {1, 2}) : 14 D4(25{1, 2}) : 5
Z10(15 : 1) : 1 D5(21 : 1) : 2 D6(19 : 1) : 1
n = 10
A4(15 : 1) : 1 D10(15 : 2) : 1 S4(11 : 1) : 1
Z1(133 : {1, 2}) : 3 510 576 Z2(73 : {1, 2}) : 10 297 Z4(37 : {1, 2}) : 20
Z2 × Z2(43 : {1, 2}) : 83 Z5(29 : {1, 2}) : 9 D4(25 : 2) : 2
Z10(15 : 1) : 1 Z10(17 : 1) : 2 D5(21 : {1, 2}) : 3n = 11
D10(15 : 2) : 1
Z1(133 : {1, 2}) : 15 277 048 Z2(73 : {1, 2}) : 13 670 Z3(45 : {1, 2}) : 753
Z4(37 : {1, 2}) : 22 Z2 × Z2(43 : {1, 2}) : 77 Z5(29 : {1, 2}) : 9
Z6(25 : 1) : 2 S3(29 : {1, 2}) : 52 D4(25 : {1, 2}) : 2
Z10(15 : {1, 2}) : 1 Z10(17 : {1, 2}) : 3 D5(21 : {1, 2}) : 3
n = 12
D6(19 : 2) : 1 Q6(13 : 1) : 1 S4(11 : 1) : 3
Z1(133 : {1, 2}) : 43 986 360 Z2(73 : {1, 2}) : 33 602 Z3(45 : {1, 2}) : 579
Z4(37 : {1, 2}) : 22 Z2 × Z2(43 : {1, 2}) : 132 Z5(29 : 2) : 2
Z6(25 : 1) : 1 S3(29 : {1, 2}) : 45 D4(25 : {1, 2}) : 5
Z10(15 : 1) : 1 D5(21 : {1, 2}) : 2 D6(19 : 1) : 1
n = 13
Q6(13 : 1) : 1 D10(15 : 2) : 1 D12(13 : 2) : 1
Z1(133 : {1, 2}) : 76 912 853 Z2(73 : {1, 2}) : 22 843 Z4(37 : {1, 2}) : 77n = 14
Z2 × Z2(43 : {1, 2}) : 97 Z7(19 : 1) : 2 D4(25 : {1, 2}) : 9
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Table 6.4: Classification and symmetrical properties of incomplete (n, 3)-arcs, n = 15, . . . , 20
Z1(133 : {1, 2}) : 73 050 084 Z2(73 : {1, 2}) : 34 769 Z3(45 : {1, 2}) : 1 161
Z4(37 : {1, 2}) : 29 Z2 × Z2(43 : {1, 2}) : 128 Z5(29 : {1, 2}) : 7
Z6(25 : 1) : 3 S3(29 : {1, 2}) : 62 D4(25 : {1, 2}) : 2n = 15
D5(21 : {1, 2}) : 4 D6(19 : {1, 2}) : 3 S4(11 : 1) : 2
Z1(133 : {1, 2}) : 31 333 540 Z2(73 : {1, 2}) : 8 640 Z3(45 : {1, 2}) : 396
Z4(37 : {1, 2}) : 11 Z2 × Z2(43 : {1, 2}) : 30 Z5(29 : 2) : 19
Z6(25 : 2) : 1 S3(29 : {1, 2}) : 9 Z8(19 : 2) : 1
D4(25 : {1, 2}) : 5 Q4(19 : 1) : 1 D5(21 : 2) : 1
n = 16
D6(19 : 1) : 1
Z1(133 : {1, 2}) : 3 797 839 Z2(73 : {1, 2}) : 3 159 Z4(37 : 2) : 2n = 17
Z2 × Z2(43 : {1, 2}) : 18 Z5(29 : {1, 2}) : 5 D5(21 : 2) : 1
Z1(133 : {1, 2}) : 73 995 Z2(73 : {1, 2}) : 207 Z3(45 : {1, 2}) : 54
Z4(37 : {1, 2}) : 7 Z2 × Z2(43 : 2) : 3 S3(29 : 2) : 2n = 18
D4(25 : 1) : 1 A4(15 : 2) : 2 G60(5 : 1) : 1
n = 19 Z1(133 : {1, 2}) : 285 Z2(73 : 2) : 6
n = 20 Z1(133 : 2) : 2
For a strongly symmetrical (n, r)-arc in PG(2, q), every point is contained in exactly one
set of points
{P (i)Γ | i ∈ NMΓ−1},
so it follows immediately that
MΓ−1∑
i=0
P
(i)
Γ = q
2 + q + 1
and likewise
NΓ−1∑
j=0
L
(j)
Γ = q
2 + q + 1.
The set
{P (i)Γ | i ∈ NMΓ−1}
can only represent the strong symmetrical properties of an (n, r)-arc in PG(2, q) if there
exists a set
∪{P (i)Γ | i ∈ J} ⊂ ∪{P (i)Γ | i ∈ NMΓ−1}
such that ∑
i∈J
o(P
(i)
Γ ) = n,
by the extension of Proposition 5.2.
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Table 6.5: Stabilizer group and the orders of sets of points and lines
Z1 order 1
number 133
Z2 order 1 2
number 13 60
Z3 order 1 3
number 1 44
Z4 order 1 2 4
number 1 6 30
Z2 × Z2 order 1 2 4
number 3 15 25
Z6 order 1 3 6
number 1 4 20
S3 order 1 3 6
number 1 12 16
Z7 order 7
number 19
Z8 order 1 4 8
number 1 3 15
D4 order 1 2 4 8
number 1 2 12 10
Q4 order 1 4 8
number 1 3 15
Z10 order 1 2 5 10 20
number 1 1 2 10 1
Z10 order 1 5 10
number 3 2 12
D5 order 1 2 5 10
number 1 1 12 7
D6 order 1 3 6 12
number 1 2 11 5
Q6 order 1 6 12
number 1 2 10
A4 order 3 4 6 12
number 1 1 5 8
H2 order 1 4 8 16
number 1 1 6 5
D10 order 1 2 5 10 20
number 1 1 2 10 1
Z7 o Z3 order 7 21
number 1 6
S4 order 3 4 6 12 24
number 1 1 1 6 2
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Table 6.6: Stabilizer group and the orders of sets of points and lines
D12 order 1 6 12
number 1 2 10
Z19 o Z3 order 19 57
number 1 2
G60 order 6 10 12 15 30
number 1 1 1 1 3
G60 order 10 18 30 45
number 1 1 2 1
G110 order 1 11 55
number 1 2 2
G1320 order 12 55 66
number 1 1 1
6.2 Symmetrical properties of the complete (21, 3)-arcs
in PG(2, 11)
6.2.1 The first (21, 3)-arc
The stabilizer group of the first (21, 3)-arc S1 in PG(2, 11) is isomorphic to the group Z7oZ3
of order 21.
The (21, 3)-arc S1 is strongly symmetric of level 1 and size 7 and completely symmetrical
of level 1 and size 7, where the sets of points and lines P (0), . . . , P (6), L(0), . . . , L(6) have the
complete symmetrical properties:
S1 = P
(0) = {L(0), L(0), L(0), L(1), L(1), L(1), L(2), L(3), L(3), L(3), L(4), L(4)},
P (1) = {L(0), L(1), L(2), L(2), L(3), L(3), L(3), L(4), L(4), L(5), L(5), L(6)},
P (2) = {L(0), L(0), L(0), L(2), L(2), L(2), L(2), L(2), L(2), L(4), L(4), L(4)},
P (3) = {L(0), L(0), L(0), L(0), L(1), L(2), L(3), L(4), L(5), L(6), L(6), L(6)},
P (4) = {L(0), L(1), L(1), L(2), L(2), L(2), L(3), L(3), L(3), L(6), L(6), L(6)},
P (5) = {L(0), L(1), L(2), L(3), L(3), L(4), L(4), L(4), L(4), L(6), L(6), L(6)},
P (6) = {L(0), L(1), L(1), L(1), L(1), L(2), L(2), L(4), L(4), L(5), L(6), L(6)},
where o(S1 = P
(0)) = o(P (1)) = o(P (3)) = o(P (4)) = o(P (5)) = o(P (6)) = 21 and o(P (2)) = 7.
L(0) = {P (0), P (0), P (0), P (1), P (2), P (3), P (3), P (3), P (3), P (4), P (5), P (6)},
L(1) = {P (0), P (0), P (0), P (1), P (3), P (4), P (4), P (5), P (6), P (6), P (6), P (6)},
L(2) = {P (0), P (1), P (1), P (2), P (2), P (3), P (4), P (4), P (4), P (5), P (6), P (6)},
L(3) = {P (0), P (0), P (0), P (1), P (1), P (1), P (3), P (4), P (4), P (4), P (5), P (5)},
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L(4) = {P (0), P (0), P (1), P (1), P (2), P (3), P (5), P (5), P (5), P (5), P (6), P (6)},
L(5) = {P (1), P (1), P (1), P (1), P (1), P (1), P (3), P (3), P (3), P (6), P (6), P (6)},
S∗ = L(6) = {P (1), P (3), P (3), P (3), P (4), P (4), P (4), P (5), P (5), P (5), P (6), P (6)},
where o(L(0)) = o(L(1)) = o(L(2)) = o(L(3)) = o(L(4)) = o(S∗1 = L
(6)) = 21 and o(L(5)) = 7.
Here,
S1 = P
(0) S↔ L(6) = S∗1 ,
P (1)
S↔ L(2),
P (2)
S↔ L(5),
P (3)
S↔ L(0),
P (4)
S↔ L(3),
P (5)
S↔ L(1),
P (6)
S↔ L(4).
That is, the set P (0) coincides with the 21 points in S1 and P
(0) is symmetrical with the set
of external lines L(6), where L(6) is the dual of S1 in PG(2, 11). Further, the set of points
P (1) is symmetrical with the set of unisecants L(2), the set of points P (2) is symmetrical with
the set of external lines L(5), the set of points P (3) is symmetrical with the set of trisecants
L(0), the set of points P (4) is symmetrical with the set of trisecants L(3), the set of points
P (5) is symmetrical with the set of trisecants L(1) and the set of points P (6) is symmetrical
with the set of bisecants L(4).
6.2.2 The second (21, 3)-arc
The stabilizer group of the second (21, 3)-arc S2 in PG(2, 11) is isomorphic to the group
Z7 o Z3 of order 21.
The (21, 3)-arc S2 is strongly symmetric of level 1 and size 7 and completely symmetrical
of level 1 and size 7, where the sets of points and lines P (0), . . . , P (6), L(0), . . . , L(6) have the
complete symmetrical properties:
S2 = P
(0) = {L(0), L(0), L(0), L(1), L(1), L(1), L(2), L(2), L(2), L(3), L(3), L(4)},
P (1) = {L(0), L(0), L(0), L(1), L(2), L(2), L(3), L(4), L(5), L(5), L(6), L(6)},
P (2) = {L(0), L(0), L(1), L(1), L(1), L(2), L(3), L(4), L(6), L(6), L(6), L(6)},
P (3) = {L(0), L(0), L(0), L(2), L(3), L(3), L(3), L(4), L(4), L(4), L(6), L(6)},
P (4) = {L(0), L(1), L(1), L(1), L(2), L(3), L(4), L(4), L(4), L(4), L(5), L(6)},
P (5) = {L(1), L(1), L(2), L(2), L(3), L(3), L(3), L(3), L(4), L(5), L(6), L(6)},
P (6) = {L(2), L(2), L(2), L(2), L(2), L(2), L(4), L(4), L(4), L(6), L(6), L(6)},
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where o(S2 = P
(0)) = o(P (1)) = o(P (2)) = o(P (3)) = o(P (4)) = o(P (5)) = 21 and o(P (6)) = 7.
L(0) = {P (0), P (0), P (0), P (1), P (1), P (1), P (2), P (2), P (3), P (3), P (3), P (4)},
L(1) = {P (0), P (0), P (0), P (1), P (2), P (2), P (2), P (4), P (4), P (4), P (5), P (5)},
L(2) = {P (0), P (0), P (0), P (1), P (1), P (2), P (3), P (4), P (5), P (5), P (6), P (6)},
L(3) = {P (0), P (0), P (1), P (2), P (3), P (3), P (3), P (4), P (5), P (5), P (5), P (5)},
L(4) = {P (0), P (1), P (2), P (3), P (3), P (3), P (4), P (4), P (4), P (4), P (5), P (6)},
L(5) = {P (1), P (1), P (1), P (1), P (1), P (1), P (4), P (4), P (4), P (5), P (5), P (5)},
S∗ = L(6) = {P (1), P (1), P (2), P (2), P (2), P (2), P (3), P (3), P (4), P (5), P (5), P (6)},
where o(S∗2 = L
(0)) = o(L(1)) = o(L(2)) = o(L(3)) = o(L(4)) = o(L(6)) = 21 and o(L(5)) = 7.
Here,
S2 = P
(0) S↔ L(0) = S∗2 ,
P (1)
S↔ L(2),
P (2)
S↔ L(3),
P (3)
S↔ L(1),
P (4)
S↔ L(4),
P (5)
S↔ L(6),
P (6)
S↔ L(5).
That is, the set P (0) coincides with the 21 points in S2 and P
(0) is symmetrical with the
set of trisecants L(0), where L(0) is the dual of S2 in PG(2, 11). Further, the set of points
P (1) is symmetrical with the set of trisecants L(2), the set of points P (2) is symmetrical with
the set of bisecants L(3), the set of points P (3) is symmetrical with the set of trisecants L(1),
the set of points P (4) is symmetrical with the set of unisecants L(4), the set of points P (5) is
symmetrical with the set of external lines L(6) and the set of points P (6) is symmetrical with
the set of external lines L(5).
6.3 Symmetrical properties for q = 11, 13, 17, 19
In this section the stabilizer group and strong symmetrical properties of n-arcs in PG(2, q)
are compared, for q = 11, 13, 17, 19.
The complete (q+1)-arc S in PG(2, q), for q = 11, 13, 17, 19, has stabilizer group of order
(q − 1)q(q + 1) and is completely symmetrical with complete symmetrical properties that
consist of three symmetrical sets of points and lines, denoted P
(0)
Γ , P
(1)
Γ , P
(2)
Γ , L
(0)
Γ , L
(1)
Γ and
L
(2)
Γ , with the following symmetrical structure:
S = P
(0)
Γ = {
q︷ ︸︸ ︷
L
(0)
Γ , . . . , L
(0)
Γ , L
(1)
Γ },
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P
(1)
Γ = {
q+1
2︷ ︸︸ ︷
L
(0)
Γ , . . . , L
(0)
Γ ,
q+1
2︷ ︸︸ ︷
L
(2)
Γ , . . . , L
(2)
Γ },
P
(2)
Γ = {
q−1
2︷ ︸︸ ︷
L
(0)
Γ , . . . , L
(0)
Γ , L
(1)
Γ , L
(1)
Γ
q−1
2︷ ︸︸ ︷
L
(2)
Γ , . . . , L
(2)
Γ },
where o({S = P (0)Γ }) = q + 1, o(P (1)Γ ) = (q−1)q2 and o(P (2)Γ ) = q(q+1)2 ;
L
(0)
Γ = {P (0)Γ , P (0)Γ
q−1
2︷ ︸︸ ︷
P
(1)
Γ , . . . , P
(1)
Γ ,
q−1
2︷ ︸︸ ︷
P
(2)
Γ , . . . , P
(2)
Γ },
L
(1)
Γ = {P (0)Γ
q︷ ︸︸ ︷
P
(2)
Γ , . . . , P
(2)
Γ },
L
(2)
Γ = {
q+1
2︷ ︸︸ ︷
P
(1)
Γ , . . . , P
(1)
Γ ,
q+1
2︷ ︸︸ ︷
P
(2)
Γ , . . . , P
(2)
Γ },
where L
(0)
Γ is the set of bisecants, L
(1)
Γ is the set of unisecants and L
(2)
Γ is the set of external
lines, with o(L
(0)
Γ ) =
q(q+1)
2
, o(L
(1)
Γ ) = q + 1 and o(L
(2)
Γ ) =
(q−1)q
2
. Here,
S = P
(0)
Γ
S↔ L(1)Γ = S∗,
P
(1)
Γ
S↔ L(2)Γ ,
P
(2)
Γ
S↔ L(0)Γ .
That is, the set P
(0)
Γ coincides with the q + 1 points of S and P
(0)
Γ is symmetrical with the
set of unisecants L
(1)
Γ , where L
(1)
Γ is the dual of S in PG(2, q). Further, the set of points P
(1)
Γ
is symmetrical with the set of external lines L
(2)
Γ and the set of points P
(2) is symmetrical
with the set of bisecants L
(0)
Γ .
The incomplete q-arc S in PG(2, q), for q = 11, 13, 17, 19, has stabilizer group of order
(q−1)q and is completely symmetrical with complete symmetrical properties that consist of
five symmetrical sets of points and lines, denoted P
(0)
Γ , P
(1)
Γ , P
(2)
Γ , P
(3)
Γ , P
(4)
Γ , L
(0)
Γ , L
(1)
Γ , L
(2)
Γ , L
(3)
Γ
and L
(4)
Γ , with the following symmetrical structure:
S = P
(0)
Γ = {
q−2︷ ︸︸ ︷
L
(0)
Γ , . . . , L
(0)
Γ , L
(1)
Γ , L
(2)
Γ },
P
(1)
Γ = {
q−1
2︷ ︸︸ ︷
L
(0)
Γ , . . . , L
(0)
Γ , L
(1)
Γ ,
q+1
2︷ ︸︸ ︷
L
(3)
Γ , . . . , L
(3)
Γ },
P
(2)
Γ = {
q−1
2︷ ︸︸ ︷
L
(0)
Γ , . . . , L
(0)
Γ , L
(2)
Γ ,
q−1
2︷ ︸︸ ︷
L
(3)
Γ , . . . , L
(3)
Γ , L
(4)
Γ },
P
(3)
Γ = {
q−3
2︷ ︸︸ ︷
L
(0)
Γ , . . . , L
(0)
Γ , L
(1)
Γ , L
(2)
Γ , L
(2)
Γ ,
q−1
2︷ ︸︸ ︷
L
(3)
Γ , . . . , L
(3)
Γ },
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P
(4)
Γ = {
q︷ ︸︸ ︷
L
(1)
Γ , . . . , L
(1)
Γ , L
(4)
Γ },
where o(P
(4)
Γ ) = 1, o(S = P
(0)
Γ ) = o(P
(2)
Γ ) = q and o(P
(1)
Γ ) = o(P
(3)
Γ ) =
(q−1)q
2
;
L
(0)
Γ = {P (0)Γ , P (0)Γ ,
q−1
2︷ ︸︸ ︷
P
(1)
Γ , . . . , P
(1)
Γ , P
(2)
Γ
q−3
2︷ ︸︸ ︷
P
(3)
Γ , . . . , P
(3)
Γ },
L
(1)
Γ = {P (0)Γ ,
q−1
2︷ ︸︸ ︷
P
(1)
Γ , . . . , P
(1)
Γ ,
q−1
2︷ ︸︸ ︷
P
(3)
Γ , . . . , P
(3)
Γ , P
(4)
Γ },
L
(2)
Γ = {P (0)Γ , P (2)Γ ,
q−2︷ ︸︸ ︷
P
(3)
Γ , . . . , P
(3)
Γ },
L
(3)
Γ = {
q+1
2︷ ︸︸ ︷
P
(1)
Γ , . . . , P
(1)
Γ }, P (2)Γ ,
q−1
2︷ ︸︸ ︷
P
(3)
Γ , . . . , P
(3)
Γ },
L
(4)
Γ = {
q︷ ︸︸ ︷
P
(2)
Γ , . . . , P
(2)
Γ , P
(4)
Γ },
where L
(0)
Γ is the set of bisecants, L
(1)
Γ and L
(2)
Γ comprise the set of unisecants and L
(3)
Γ
and L
(4)
Γ comprise the set of external lines, with o(L
(4)
Γ ) = 1, o(P
(1)
Γ ) = o(P
(2)
Γ ) = q and
o(P
(0)
Γ ) = o(P
(3)
Γ ) =
(q−1)q
2
. Here,
S = P
(0)
Γ
S↔ L(2)Γ = S∗,
P
(1)
Γ
S↔ L(3)Γ ,
P
(2)
Γ
S↔ L(1)Γ ,
P
(3)
Γ
S↔ L(0)Γ
P
(4)
Γ
S↔ L(4)Γ .
That is, the set P
(0)
Γ coincides with the q + 1 points in S and P
(0)
Γ is symmetrical with the
set of unisecants L
(2)
Γ , where L
(2)
Γ is the dual of S in PG(2, q). Further, the set of points P
(1)
Γ
is symmetrical with the set of external lines L
(3)
Γ , the set of points P
(2)
Γ is symmetrical with
the set of unisecants L
(1)
Γ , the set of points P
(3)
Γ is symmetrical with the set of bisecants L
(0)
Γ
and the set of points P
(4)
Γ is symmetrical with the set of external lines L
(4)
Γ .
The incomplete (q − 1)-arc S, for q = 17, 19, has stabilizer group of order 2(q − 1) and
is completely symmetrical with complete symmetrical properties that consist of 5 + (q − 1)
symmetrical sets of points and lines such that∣∣∣{P (i)Γ | o(P (i)Γ ) = 1}∣∣∣ = ∣∣∣{L(j)Γ | o(L(j)Γ ) = 1}∣∣∣ = 1,∣∣∣{P (i)Γ | o(P (i)Γ ) = 2}∣∣∣ = ∣∣∣{L(j)Γ | o(L(j)Γ ) = 2}∣∣∣ = 1,
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∣∣∣∣{P (i)Γ | o(P (i)Γ ) = q − 12 }
∣∣∣∣ = ∣∣∣∣{L(j)Γ | o(L(j)Γ ) = q − 12 }
∣∣∣∣ = 2,∣∣∣{P (i)Γ | o(P (i)Γ ) = q − 1}∣∣∣ = ∣∣∣{L(j)Γ | o(L(j)Γ ) = q − 1}∣∣∣ = q − 1,∣∣∣{P (i)Γ | o(P (i)Γ ) = 2(q − 1)}∣∣∣ = ∣∣∣{L(j)Γ | o(L(j)Γ ) = 2(q − 1)}∣∣∣ = 1.
The only P
(i)
Γ of order 2 contains the only two points of PG(2, q) that are not incident with
a bisecant of S.
Conjecture 6.11. The descriptions of the complete symmetrical structure of the complete
(q + 1)-arc, incomplete q-arc and incomplete (q − 1)-arc are also true, for all prime q ≥ 23.
Question 6.12. Without finding a (q+1)-arc, q-arc or (q−1)-arc how easy is it to construct
a group of order (q− 1)q(q+ 1), (q− 1)q or 2q such that every element of that group maps a
line from a given set to a line in this same set in such a way that the structure of these sets
is the same as the desired structure of the symmetrical properties?
A brief overview of the links between the stabilizer groups and the strong symmetrical
properties of n-arcs in PG(2, q) is presented in the following tables, for q = 13, 17, 19.
Table 6.7: Stabilizer group and symmetrical properties of n-arcs in PG(2, 13)
n = 5 Z2(99 : 2) : 1 Z4(51 : 2) : 1 S3(39 : 2) : 1
Z1(183 : 2) : 5 Z2(99 : 2) : 7 Z3(61 : 2) : 4
Z4(51 : 2) : 1 Z2 × Z2(57 : 2) : 1 S3(39 : 2) : 3
D6(25 : 2) : 1 A4(19 : 2) : 2 S4(15 : 2) : 1
n = 6
G36(xx : x) : 1
Z1(183 : 2) : 52 Z2(99 : 2) : 21 Z3(61 : 2) : 4n = 7
Z6(35 : 2) : 1 S3(39 : 2) : 1 D7(21 : 2) : 1
Z1(183 : 2) : 110 Z2(99 : 2) : 54 Z3(61 : 2) : 1
Z4(51 : 2) : 2 Z2 × Z2(57 : 2) : 6 S3(39 : 2) : 2− 1c
D4(33 : 2) : 2 D6(25 : 2) : 1 D7(21 : 2) : 1
cn = 8
S4(15 : 2) : 1
Z1(183 : 2) : 41− 17c Z2(99 : 2) : 20− 4c Z3(61 : 2) : 1− 5c
Z4(51 : 2) : 2− 1c S3(39 : 2) : 6 Z3 × Z3(21 : 2) : 2cn = 9
G36(11 : 2) : 1
Z1(183 : 2) : 1
c Z2(99 : 2) : 1− 11c Z4(51 : 2) : 2c
Z2 × Z2(57 : 2) : 2− 4c S3(39 : 2) : 1− 2c D4(33 : 2) : 1n = 10
A4(19 : 2) : 1 S4(15 : 2) : 1
c
n = 11 S3(39 : 2) : 2
n = 12 D12(17 : 3) : 1 G72(9 : 2) : 1
n = 13 G156(5 : 2) : 1
n = 14 G2184(3 : 2) : 1
c
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Table 6.8: Stabilizer group and the orders of sets of points and lines in PG(2, 13)
Z1 order 1
number 183
Z2 order 1 2
number 15 84
Z3 order 3
number 61
Z4 order 1 2 4
number 3 6 42
Z2 × Z2 order 1 2 4
number 3 18 36
Z6 order 1 3 6
number 3 4 28
S3 order 1 2 3 6
number 1 1 14 23
D4 order 1 2 4 8
number 1 3 14 15
Z3 × Z3 order 3 9
number 9 20
D6 order 1 2 3 6 12
number 1 1 2 13 8
A4 order 3 4 6
number 1 3 6
A4 order 3 6 12
number 1 6 12
D7 order 1 7 14
number 1 14 6
S4 order 3 4 6 8 12 24
number 1 1 2 1 7 3
D12 order 1 2 6 12 24
number 1 1 2 12 1
G36 order 6 9 18 36
number 2 3 4 2
G72 order 3 12 18 36
number 1 3 2 3
G156 order 1 13 78
number 1 2 2
G2184 order 14 78 91
number 1 1 1
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Table 6.9: Stabilizer group and symmetrical properties of n-arcs in PG(2, 17)
n = 5 Z2(163 : 2) : 3 Z4(83 : 2) : 3
Z1(307 : 2) : 32 Z2(163 : 2) : 16 Z3(103 : 2) : 9
Z4(83 : 2) : 3 Z2 × Z2(91 : 2) : 2 S3(61 : 2) : 7n = 6
D6(37 : 2) : 1 A4(31 : 2) : 3 S4(21 : 2) : 1
Z1(307 : 2) : 644 Z2(163 : 2) : 75 Z3(103 : 2) : 12n = 7
S3(61 : 2) : 2
Z1(307 : 2) : 5 025 Z2(163 : 2) : 389 Z4(83 : 2) : 5
Z2 × Z2(91 : 2) : 2 D4(51 : 2) : 3 D8(31 : 2) : 1n = 8
H2(27 : 2) : 1
Z1(307 : 2) : 17 086 Z2(163 : 2) : 428 Z3(103 : 2) : 88
Z4(83 : 2) : 9 S3(61 : 2) : 19 Z8(43 : 2) : 2n = 9
D9(27 : 2) : 1
Z1(307 : 2) : 19 571− 341c Z2(163 : 2) : 862− 179c Z3(103 : 2) : 24− 10c
Z4(83 : 2) : 7− 7c Z2 × Z2(91 : 2) : 33− 8c S3(61 : 2) : 4− 9c
D4(51 : 2) : 1 Q4(43 : 2) : 1
c A4(31 : 2) : 1− 2c
D8(31 : 2) : 1 H2(27 : 2) : 1
c D9(27 : 2) : 1
c
n = 10
S4(21 : 2) : 1
c
n = 11 Z1(307 : 2) : 3 910− 2 569c Z2(163 : 2) : 260− 75c
Z1(307 : 2) : 53− 336c Z2(163 : 2) : 13− 152c Z3(103 : 2) : 1− 18c
Z4(83 : 2) : 1− 1c Z2 × Z2(91 : 2) : 3− 18c S3(61 : 2) : 2− 20c
D4(51 : 2) : 2
c D6(37 : 2) : 1− 2c A4(31 : 2) : 1cn = 12
S4(21 : 2) : 2− 3c
Z1(307 : 2) : 1− 1c Z2(163 : 2) : 4− 4c Z3(103 : 2) : 1cn = 13
Z4(83 : 2) : 2− 1c S3(61 : 2) : 1c
n = 14 Z2 × Z2(91 : 2) : 2 D4(51 : 2) : 1− 1c
n = 15 S3(61 : 2) : 1
n = 16 G32(21 : 2) : 1
n = 17 G272(5 : 2) : 1
n = 18 G4896(3 : 2) : 1
c
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Table 6.10: Stabilizer group and the orders of sets of points and lines in PG(2, 17)
Z1 order 1
number 307
Z2 order 1 2
number 19 144
Z3 order 1 3
number 1 102
Z4 order 1 2 4
number 1 8 72
Z2 × Z2 order 1 2 4
number 3 24 64
S3 order 1 3 6
number 1 18 42
Z8 order 1 4 8
number 3 4 6
D4 order 1 2 4 8
number 1 3 19 28
Q4 order 1 2 4 8
number 1 3 3 36
D6 order 1 3 6 12
number 1 2 18 16
A4 order 3 4 6 12
number 1 1 8 21
D8 order 1 2 4 8 16
number 1 1 2 17 10
H2 order 1 2 4 8 16
number 1 1 2 9 14
D9 order 1 9 18
number 1 18 8
S4 order 3 4 6 12 24
number 1 1 2 10 7
G32 order 1 2 8 16 32
number 1 1 2 16 1
G272 order 1 17 136
number 1 2 2
G4896 order 18 136 153
number 1 1 1
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Table 6.11: Stabilizer group and symmetrical properties of n-arcs in PG(2, 19)
Z1(381 : 2) : 1 Z2(201 : 2) : 2 S3(75 : 3) : 1n = 5
D5(49 : 3) : 1
Z1(381 : 2) : 60 Z2(201 : 2) : 24 Z3(127 : 2) : 12
Z3(129 : 2) : 2 Z4(101 : 2) : 3 Z2 × Z2(111 : 2) : 3
S3(75 : 2) : 7 D6(45 : 2) : 1 A4(37 : 2) : 3
n = 6
G36(17 : 2) : 1 G60(13 : 2) : 1
Z1(381 : 2) : 1 632 Z2(201 : 2) : 119 Z3(127 : 2) : 14n = 7
Z6(69 : 2) : 1 S3(75 : 2) : 2
Z1(381 : 2) : 19 547 Z2(201 : 2) : 760 Z3(127 : 2) : 8
Z4(101 : 2) : 9 Z2 × Z2(111 : 2) : 23 S3(75 : 2) : 7
D4(61 : 2) : 4 D6(45 : 2) : 1 H2(31 : 2) : 1
n = 8
S4(25 : 2) : 1
Z1(381 : 2) : 114 146 Z2(201 : 2) : 1 134 Z3(127 : 2) : 140
Z3(129 : 2) : 42 S3(75 : 2) : 21 Z3 × Z3(43 : 2) : 7n = 9
D9(33 : 2) : 1 (Z3×Z3)oZ2(33 : 2) : 1
Z1(381 : 2) : 276 049− 1c Z2(201 : 2) : 3 833− 18c Z3(129 : 2) : 60− 1c
Z4(101 : 2) : 36− 1c Z2×Z2(111 : 2) : 77− 2c S3(75 : 2) : 14− 2c
Z9(45 : 2) : 1 D5(49 : 3) : 3− 2c A4(37 : 2) : 1cn = 10
D9(33 : 2) : 1 D10(31 : 2) : 1 G60(13 : 2) : 1
c
Z1(381 : 2) : 223 804− 9 501c Z2(201 : 2) : 1 941− 36c Z3(129 : 2) : 19− 4c
S3(75 : 2) : 12 Z9(45 : 2) : 1 D5(49 : 3) : 1n = 11
D9(33 : 2) : 1
Z1(381 : 2) : 24 902− 28 301c Z2(201 : 2) : 610− 1 640c Z3(127 : 2) : 14− 73c
Z3(129 : 2) : 3− 9c Z2×Z2(111 : 2) : 22−47c Z4(101 : 2) : 5− 11c
S3(75 : 2) : 8− 37c D4(61 : 2) : 5− 4c Z3 × Z3(43 : 2) : 2c
D6(45 : 2) : 2− 1c A4(37 : 2) : 1− 3c D9(33 : 2) : 1c
n = 12
(Z3 × Z3)o Z2(33 : 2) : 2c S4(25 : {1, 2}) : 1− 3c G72(13 : 2) : 1c
Z1(381 : 2) : 395− 2 090c Z2(201 : 2) : 98− 137c Z3(127 : 2) : 6− 3cn = 13
Z6(69 : 2) : 2 S3(75 : 2) : 2
c
Z1(381 : 2) : 2− 8c Z2(201 : 2) : 5− 35c Z4(101 : 2) : 8cn = 14
Z2 × Z2(111 : 2) : 3− 14c S3(75 : 2) : 2− 4c D6(45 : 2) : 1− 1c
Z1(381 : 2) : 1 Z2(201 : 2) : 2 S3(75 : 2) : 1n = 15
D5(49 : 3) : 1
n = 16 Z2 × Z2(111 : 2) : 2 D4(61 : 2) : 1 A4(37 : 2) : 1
n = 17 S3(75 : 2) : 1
n = 18 G36(23 : 3) : 1
n = 19 G342(5 : 1) : 1
n = 20 G6840(3 : 1) : 1
c
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Table 6.12: Stabilizer group of order less than 24 in PG(2, 19)
Z1 order 1
number 381
Z2 order 1 2
number 21 180
Z3 order 3
number 127
Z3 order 1 3
number 3 126
Z4 order 1 2 4
number 1 10 90
Z2 × Z2 order 1 2 4
number 3 27 81
Z6 order 1 3 6
number 3 6 60
S3 order 1 2 3 6
number 1 1 20 53
D4 order 1 2 4 8
number 1 2 22 36
Z9 order 1 9
number 3 42
Z3 × Z3 order 3 9
number 1 42
D5 order 1 5 10
number 1 20 28
D6 order 1 2 3 6 12
number 1 1 2 20 21
A4 order 3 6 12
number 1 9 27
H2 order 1 4 8 16
number 1 1 11 18
D9 order 1 2 9 18
number 1 1 20 11
(Z3 × Z3)o Z2 order 3 9 18
number 4 17 12
D10 order 1 5 10 20
number 1 2 19 9
S4 order 3 4 6 8 12 24
number 1 1 1 1 12 9
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Table 6.13: Stabilizer group of order greater than 24 in PG(2, 19)
G36 order 1 2 9 18 36
number 1 1 2 18 1
G36 order 6 9 18 36
number 2 1 8 6
G60 order 6 10 15 20 30 60
number 1 1 1 1 7 2
G72 order 3 12 18 36 72
number 1 3 1 7 1
G342 order 1 19 171
number 1 2 2
G6840 order 20 171 190
number 1 1 1
Chapter 7
Arcs Stabilized by Groups of Prime
Order
7.1 Introduction
This chapter looks at automorphism groups of prime order that are generated by a single
projectivity; that is, automorphism groups of the form 〈g〉 ∼= Zp, where (Tg, g) ∈ PGL(3, q)
and p is a prime. Such a projectivity can be used to partition PG(2, q) into closed orbits of
the form
x〈g〉 = {xgi | i ∈ Np−1},
where x is a point of PG(2, q).
Let G be a group and suppose that p is a prime that satisfies |G| = ap. Then the group
G possesses a subgroup of order p by [9, Theorem 7.1.1]. Hence, every group of order greater
than 1 possesses a subgroup of prime order.
The main application of this chapter is classifying (n, r)-arcs in PG(2, q) that are stabi-
lized by a group that is isomorphic to Zp, without classifying the (n, r)-arcs that are stabilized
by a group that is isomorphic to Z1.
Notation 7.1. The notation (n, r−)-arc is used to denote an (n, γ)-arc, where γ is known
to be less than or equal to r.
Proposition 7.2. Let the projectivity (T, g) ∈ PGL(3, q) possess the property ‘〈g〉 is iso-
morphic to Zp’, where p is a prime and suppose that S is the orbit of x through 〈g〉 given
by
S = {xgi | i ∈ Np−1}.
Then the orbit S is a point if xg
i1 = xg
i2 , for any distinct i1, i2 ∈ Np−1 and has order p
otherwise.
Proof If xg
N
= x, for some point x and N ∈ Np−1, then
xg
kN
= xg
Ng(k−1)N = xg
(k−1)N
= · · · = xg2N = xgNgN = xgN = x,
77
78 Arcs in a Finite Projective Plane
for all k ∈ Np−1. The property ‘k1 ≡ k2 (mod p) if and only if k1N ≡ k2N (mod p), for all
k1, k2 ∈ Np−1’ implies
{xgk | k ∈ Np−1} = {xgkN | k ∈ Np−1}.
Hence, xg
i1 = xg
i2 or equivalently xg
i1−i2 = x if and only if
x = xg = xg
2
= · · · = xgp−1 ;
otherwise,
x, xg, xg
2
, . . . , xg
p−1
are all distinct points. 
Proposition 7.3. In PG(2, q), an (n, r)-arc Sn contains a 4-arc if and only if n ≥ r + 2.
Proof If r = 2, then the proof is immediate, so assume that r > 2. Let ` be a line through
r points of Sn.
A 4-arc contains at most two points on the line `; hence, Sn contains a 4-arc only if
n ≥ r + 2.
If n ≥ r+ 2, then Sn must possess two points s0 and s1 that are not on the line `. Every
set comprising the points s0, s1 and two additional points on the line ` and not on the line
through the points s0 and s1 is a 4-arc; hence, Sn contains a 4-arc if n ≥ r + 2. 
Proposition 7.4. For an (n, r ≤ n − 2)-arc Sn in PG(2, q), the group 〈g〉 ⊆ aut(Sn) is
isomorphic to Zp if and only if the group 〈h−1gh〉 ⊆ aut(Shn) is isomorphic to Zp, where
(Tg, g), (Th, h) ∈ PGL(3, q) and p is a prime. Further,∣∣s〈g〉∣∣ = ∣∣∣(sh)〈h−1gh〉∣∣∣ .
Proof The map σ : 〈g〉 7→ 〈h−1gh〉 given by (g)σ = h−1gh is an isomorphism from 〈g〉 to
〈h−1gh〉 and 〈g〉 is isomorphic to Zp; hence, 〈h−1gh〉 is isomorphic to Zp.
If s = sg, for some point s ∈ Sn, then (sh)h−1gh = sgh = sh, for the point sh ∈ Shn. If∣∣s〈g〉∣∣ = p,
then (sh)(h
−1gh)i = (sh)
h−1gih
= (sg
i
)h ∈ Shn. The elements of the set
{(sh)(h−1gh)i = (sgi)h | i ∈ Np−1} ⊂ Shn
are distinct, by the bijectivity of h; that is,∣∣∣(sh)〈h−1gh〉 = {(sh)(h−1gh)i | i ∈ Np−1}∣∣∣ = p.
Hence, the group 〈h−1gh〉 ⊆ aut(Shn) is isomorphic to Zp.
If the group 〈h−1gh〉 ⊆ aut(Shn) is isomorphic to Zp, then a similar argument states that
the group 〈hh−1ghh−1〉 = 〈g〉 ⊆ aut((Shn)h−1) = aut(Sn) is isomorphic to Zp. 
The consequence of these propositions is that a representative from every class of projec-
tively equivalent (n, r)-arcs, n ≥ r+ 2, can be constructed by adding points to the standard
frame {e1, e2, e3, e4}.
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7.2 p ≥ r + 2
Proposition 7.5. Let Sp be a (p, r)-arc containing the standard frame in PG(2, q), where
p > 3 is a prime. Then the group 〈g〉 ⊆ aut(Sp) is isomorphic to Zp only if∣∣s〈g〉∣∣ = p,
for all s ∈ Sp.
Proof If ∣∣s〈g〉∣∣ 6= p,
then sg = s, for all s ∈ Sn, by Proposition 7.2. As the group g maps each point of the
standard frame to itself, 〈g〉 ∼= Z1, by Proposition 1.71; a contradiction. 
Proposition 7.6. Let Sp be a (p, r ≤ p− 2)-arc in PG(2, q), where p > 3 is a prime. Then
the group 〈g〉 ⊆ aut(Sp) is isomorphic to Zp only if∣∣s〈g〉∣∣ = p,
for all s ∈ Sp.
Proof Every 4-arc can be mapped to the standard frame by Proposition 1.70 and Sp must
contain a 4-arc by Proposition 7.3; hence, for some (Th, h) ∈ PGL(3, q), the (p, r)-arc Shp
contains the standard frame.
By Proposition 7.4, the group 〈f = h−1gh〉 ⊆ aut(Shp ) is isomorphic to Zp. By Proposition
7.5, ∣∣(sh)〈f〉∣∣ = p,
for all s ∈ Sp.
By Proposition 7.4, the group 〈hfh−1〉 ⊆ aut(Sp) is isomorphic to Zp and∣∣s〈g〉∣∣ = p;
hence, the proposition holds with g = hfh−1. 
Corollary 7.7. Let Sn be an (n > p, r ≤ p − 2)-arc in PG(2, q), where p > 3 is a prime.
Then the group 〈g〉 ⊆ aut(Sn) is isomorphic to Zp only if Sn contains a (p, r−)-arc Sp, that
is stabilized by 〈g〉.
Proof If the group 〈g〉 ⊆ aut(Sn) is isomorphic to Zp, then, by Proposition 7.2, either
sg = s, for all s ∈ Sn or Sn contains an orbit satisfying∣∣s〈g〉∣∣ = p,
for some s ∈ Sn. If sg = s, for all s ∈ Sn, then an application of Proposition 7.6 to any
(p, r−)-arc contained in Sn produces a contradiction; hence, Sn contains the set Sp = s〈g〉
and this set is necessarily a (p, r−)-arc. 
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Using Propositions 7.3, Proposition 7.6 can be rewritten by replacing the condition ‘p ≥
r+ 2’ with the less strict condition ‘some subset of Sp is a 4-arc’; this gives Proposition 7.8.
Proposition 7.8. Let Sp be a (p, r)-arc containing a 4-arc in PG(2, q), where p > 3 is a
prime. Then the group 〈g〉 ⊆ aut(Sp) is isomorphic to Zp only if∣∣s〈g〉∣∣ = p,
for all s ∈ Sp.
Theorem 7.9. Let Sn be an (n = αp+m, r ≤ p−2)-arc in PG(2, q), where p > 3 is a prime
and m = 0, . . . , p − 1. Then the group 〈g〉 ⊆ aut(Sn) is isomorphic to Zp only if the group
〈g〉 stabilizes an ((α− 1)p+m, r−)-arc contained in Sn. Further, the set Sn is the union of
m points that are closed under the right action of g and α distinct orbits of points through
〈g〉 of order p.
Proof By Corollary 7.7, the set Sn contains an orbit s
〈g〉, that satisfies∣∣s〈g〉∣∣ = p,
for some s ∈ Sn. As s〈g〉 is stabilized by the group 〈g〉, the ((α− 1)p+m, r−)-arc Sn\s〈g〉 is
stabilized by the group 〈g〉.
By repeated application of Corollary 7.7, the set Sn is the union of α distinct orbits of
points through 〈g〉 of order p; the remaining m points are closed under the right action of g
by Proposition 7.2. 
Example 7.10. Since there are no (7, 3−)-arcs in PG(2, 17) that are stabilized by a group
that is isomorphic to Z7, Corollary 7.7 determines the non-existence of (n > 7, 3
−)-arcs in
PG(2, 17) that are stabilized by a group that is isomorphic to Z7.
Construction 7.11. The primary significance of Theorem 7.9 is to the construction of an
(n = αp + m, r ≤ p − 2)-arc Sn in PG(2, q) that is stabilized by a group 〈g〉 ∼= Zp, where
p > 3 is a prime and m = 0, . . . , p− 1. As Sn is the union of a (p+m, r−)-arc Sp+m that is
stabilized by 〈g〉 and the α− 1 orbits
S(a)p = {sg
i
a | i ∈ Np−1},
where
∣∣∣S(a)p ∣∣∣ = p, sa ∈ Sn\Sp+m, a ∈ Nα and sa1 6= sgia2 , for all distinct a1, a2 ∈ Nα. Then Sn
is constructed by adding the α− 1 orbits S(a)p to the (p+m, r−)-arc Sp+m.
If the construction starts with Shp+m and the group 〈h−1gh〉 ⊆ aut(Shp+m) is isomorphic
to Zp, for some (Th, h) ∈ PGL(3, q), then adding the orbits
{(sha)(h
−1gh)i = sg
ih
a | i ∈ Np−1},
to Shp+m produces the (n, r)-arc S
h
n.
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7.3 p < r + 2 including p = 2 and p = 3
The method used in section 2 is not valid when p = 2 or p = 3, since in Proposition 7.5 it
is not possible to have a bijective map from either 2 or 3 points to the standard frame; this
also invalidates Propositions 7.6 and 7.8.
Proposition 7.12. Let Sαp+m be an (αp+m, r)-arc containing the stanard frame in PG(2, q),
where p is a prime and m = 0, . . . , p− 1. Then the group 〈g〉 ⊆ aut(Sαp+m) is isomorphic to
Zp only if ∣∣s〈g〉∣∣ = p,
for some s ∈ Sαp+m.
Proof If there does not exist a point s ∈ Sαp+m such that∣∣s〈g〉∣∣ = p,
then sg = s, for all s ∈ Sαp+m by Proposition 7.2. As the group g maps each point of the
standard frame to itself, 〈g〉 ⊆ Z1 by Proposition 1.71; a contradiction. 
Proposition 7.13. Let Sαp+m be an (αp + m, r)-arc in PG(2, q), where p is a prime, m =
0, . . . , p − 1 and (α − 1)p + m ≤ r + 2 ≤ αp + m. Then the group 〈g〉 ⊆ aut(Sαp+m) is
isomorphic to Zp only if ∣∣s〈g〉∣∣ = p,
for some s ∈ Sαp+m.
Proof Every 4-arc can be mapped to the standard frame by Proposition 1.70 and Sαp+m
must contain a 4-arc by Proposition 7.3; hence, for some (Th, h) ∈ PGL(3, q), the (p, r)-arc
Shαp+m contains the standard frame.
By Proposition 7.4, the group 〈f = h−1gh〉 ⊆ aut(Shαp+m) is isomorphic to Zp. By Propo-
sition 7.12, ∣∣(sh)〈f〉∣∣ = p,
for some s ∈ Sαp+m.
By Proposition 7.4, the group 〈hfh−1〉 ⊆ aut(Sαp+m) is isomorphic to Zp and∣∣∣s〈hfh−1〉∣∣∣ = p;
hence, the proposition holds with g = hfh−1. 
Using Proposition 7.3, Proposition 7.13 can be rewritten by replacing the condition ‘p ≥
r+ 2’ with the less strict condition ‘some subset of Sp is a 4-arc’; this gives Proposition 7.14.
Proposition 7.14. Let Sαp+m be an (αp + m, r)-arc containing a 4-arc in PG(2, q), where
p is a prime and m = 0, . . . , p − 1. Then the group 〈g〉 ⊆ aut(Sαp+m) is isomorphic to Zp
only if ∣∣s〈g〉∣∣ = p,
for some s ∈ Sαp+m.
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Theorem 7.15. Let Sn be an (n = (α + β)p + m, r)-arc in PG(2, q), where p is a prime,
m = 0, . . . , p − 1 and (α − 1)p + m ≤ r + 2 ≤ αp + m. Then the group 〈g〉 ⊆ aut(Sn) is
isomorphic to Zp only if the group 〈g〉 stabilizes an ((α + β − 1)p+m, r−)-arc contained in
Sn. Further, Sn is the union of a set of order (α − 1)p + m that is closed under the right
action of g and β + 1 distinct orbits of points through 〈g〉 of order p.
Proof The set Sn contains at least m points with the property ‘s
g
i = si’ by Proposition 7.2.
If there exists an additional point in Sn with this property, then there exist an additional p
points in Sn with this property. Removing either a subset
{s0, . . . , sp−1},
where sgi = si or an orbit s
〈g〉, where
∣∣s〈g〉∣∣ = p, leaves an ((α + β − 1)p+m, r−)-arc that is
stabilized by the group 〈g〉.
Every set of αp+m points in Sn contains at most (α− 1)p+m points with the property
‘sgi = si’ by Proposition 7.13; hence, Sn contains at most (α−1)p+m such points. Otherwise,
Sn would contain a subset of αp+m such points, a contradiction to Proposition 7.13.
Let S(α−1)p+m be a subset of Sn that contains every point with the property ‘s
g
i = si’.
Then Sn\S(α−1)p+m consists of β + 1 distinct orbits of points through 〈g〉 of order p. 
Construction 7.16. The primary significance of Theorem 7.15 is to the construction of an
(n = (α + β)p + m, r)-arc Sn in PG(2, q) that is stabilized by a group 〈g〉, where p > 3 is
a prime, m = 0, . . . , p − 1 and (α − 1)p + m ≤ r + 2 ≤ αp + m. As Sn is the union of an
(αp+m, r−)-arc Sαp+m that is stabilized by 〈g〉 and the β orbits
S(a)p = {sg
i
a | i ∈ Np−1},
where
∣∣∣S(a)p ∣∣∣ = p, sa ∈ Sn\Sαp+m, a ∈ Nβ and sa1 6= sgia2 , for all distinct a1, a2 ∈ Nβ. Then
Sn is constructed by adding the β orbits S
(a)
p to the (αp+m, r−)-arc Sαp+m.
If the construction starts with Shαp+m and the group 〈h−1gh〉 ⊆ aut(Shαp+m) is isomorphic
to Zp, for some (Th, h) ∈ PGL(3, q), then adding the orbits
{(sha)(h
−1gh)i = sg
ih
a | i ∈ Np−1},
to Shαp+m produces the (n, r)-arc S
h
n.
Example 7.17. Consider (n, 3)-arcs in PG(2, q). If p = 2, then m = 0 or 1 and 2α−2+m ≤
5 ≤ 2α +m. If m = 0, then α = 3 and 2α +m = 6. If m = 1, then α = 2 and 2α +m = 5.
Let S2n be a (2n, r)-arc that is stabilized by the group 〈g1〉 ∼= Z2. Then S2n is the union
of a (6, r−)-arc S6 that is stabilized by 〈g1〉 and the n− 3 sets
{sa, sg1a },
where sa ∈ S2n\S6, a ∈ Nn−3 and sa1 6= sg
i
1
a2 , for all distinct a1, a2 ∈ Nn−3.
Let S2n+1 be a (2n + 1, r)-arc that is stabilized by the group 〈g2〉 ∼= Z2. Then S2n+1 is
the union of a (5, r−)-arc S5 that is stabilized by 〈g2〉 and the n− 2 sets
{sa, sg2a },
where sa ∈ S2n+1\S5, a ∈ Nn−2 and sa1 6= sg
i
2
a2 , for all distinct a1, a2 ∈ Nn−2.
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Example 7.18. Consider (n, 3)-arcs in PG(2, q). If p = 3, thenm = 0, 1 or 2 and 3α−3+m ≤
5 ≤ 3α + m. If m = 0, then α = 2 and 3α + m = 6. If m = 1, then α = 2 and 3α + m = 7.
If m = 2, then α = 1 and 3α +m = 5.
Let S3n be a (3n, r)-arc that is stabilized by the group 〈g1〉 ∼= Z3. Then S3n is the union
of a (6, r−)-arc S6 that is stabilized by 〈g1〉 and the n− 2 sets
{sa, sg1a , sg
2
1
a },
where sa ∈ S3n\S6, a ∈ Nn−2 and sa1 6= sg
i
1
a2 , for all distinct a1, a2 ∈ Nn−2.
Let S3n+1 be a (3n + 1, r)-arc that is stabilized by the group 〈g2〉 ∼= Z3. Then S3n+1 is
the union of a (7, r−)-arc S7 that is stabilized by 〈g2〉 ∼= Z3 and the n− 2 sets
{sa, sg2a , sg
2
2
a },
where sa ∈ S3n+1\S7, a ∈ Nn−2 and sa1 6= sg
i
2
a2 , for all distinct a1, a2 ∈ Nn−2.
Let S3n+2 be a (3n + 2, r)-arc that is stabilized by the group 〈g3〉 ∼= Z3. Then S3n+2 is
the union of a (5, r−)-arc S5 that is stabilized by 〈g3〉 ∼= Z3 and the n− 1 sets
{sa, sg3a , sg
2
3
a },
where sa ∈ S3n+2\S5, a ∈ Nn−1 and sa1 6= sg
i
3
a2 , for all distinct a1, a2 ∈ Nn−1.
7.4 Results
7.4.1 n-arcs
Expanding those 5-arcs and 6-arcs that are stabilized by groups that are isomorphic to Z2
in PG(2, 23) and PG(2, 29) produced q-arcs and (q + 1)-arcs the automorphism groups of
which matched those predicted in Conjecture 6.7.
7.4.2 (n, 3)-arcs
Expanding (5, 3−)-arcs that are stabilized by groups that are isomorphic to Z2 in PG(2, 13)
produces two (23, 3)-arcs; the first has an automorphism group that is isomorphic to Z2 and
in terms of symmetry it possesses fifteen points and lines and eighty-four sets of points and
lines of order 2; the second has a automorphism group that is isomorphic to Z4 and in terms
of symmetry it possesses one set of points and lines of order 3, two sets of points and lines
of order 6 and four sets of points and lines of order 42.
Chapter 8
Subsets of PG(2, q)
8.1 Introduction
This chapter investigates the orbit of points of PG(2, q) through the right action of elements
of a group 〈g〉 ∼= Zp, where (Tg, g) ∈ PGL(3, q) and p is a prime; that is, orbits of the form
x〈g〉 = {xgi | i ∈ Np−1}.
By Proposition 7.2, the orbit of a point x ∈ PG(2, q) through 〈g〉 is a point if xg = x or
a set of p points that is closed under the right action of g otherwise. By Proposition 8.1, a
subset of lines in PG(2, q) that is given by
{`gi | i ∈ Np−1}
is a line if `g = ` or a set of p lines that is closed under the right action of g otherwise. Hence,
the focus of this investigation is the structure of those points and lines that are closed under
the right action of g. All other points and lines are in sets of order p.
As every projectivity maps PG(2, q) to itself bijectively, the existence of a projectivity
(Tg, g) ∈ PGL(3, q) with the property ‘〈g〉 ∼= Zp’ is dependent on the consistency of the
structure of points and lines that are closed under the right action of g. In Sections 8.2, 8.3,
8.4, 8.5, 8.6 and 8.7 the structure of points that are closed under the right action of g are
considered for specific instances of p.
This leads to restrictions on the prime p, for which there exists a matrix g satisfying
gp = αI over GF (q), that match those given by Sylow’s Theorems.
For an (n, r)-arc S in PG(2, q) that is closed under the right action of such a g, there are
restrictions on n, that are determined by the number and the structure of all points that are
closed under the right action of g and the fact that all other points in S generate subsets of
order p that are closed under the right action of g.
8.1.1 Order of subsets of PG(2, q)
In this chapter the subsets of lines in PG(2, q) are as important as the subsets of points; so,
Proposition 7.2 is adapted for lines as follows.
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Proposition 8.1. Let the projectivity (Tg, g) ∈ PGL(3, q) possess the property ‘〈g〉 is iso-
morphic to Zp’, where p is a prime and suppose that L is the subset of lines in PG(2, q)
given by
L = {`gi | i ∈ Np−1}.
Then the set L is a line if `g = ` or a set of p lines that is closed under the right action of
g otherwise.
Proof The proof follows the same argument as Proposition 7.2, with points x replaced by
lines `. 
Lemma 8.2 is included for completeness. Whereas, Theorem 8.3 and Lemmas 8.5 to 8.8
are used throughout this section.
Lemma 8.2. For (Tg, g) ∈ PGL(3, q), if every distinct orbit that is not a point has prime
order p, then 〈g〉 ∼= Zp. Further, if every distinct subset of lines in PG(2, q) of the form
{`gi | i ∈ Np−1}
that is not a line has prime order p, then 〈g〉 ∼= Zp.
Proof If ∣∣x〈g〉∣∣ = p,
then p is the smallest positive natural number that satisfies xg
p
= x. If∣∣s〈g〉∣∣ = 1,
then xg = x and by extension xg
p
= x. Hence, gp maps every point of PG(2, q) to itself,
making gp ≡ I in PGL(3, q).
A similar argument for ` shows that g maps every line in PG(2, q) to itself; hence, g maps
every point of PG(2, q) to itself, making gp ≡ I in PGL(3, q). 
8.1.2 Construction
For (Tg, g) ∈ PGL(3, q), where 〈g〉 ∼= Zp and p is a prime, Theorem 8.3 and Lemma 8.4 to
Lemma 8.8 give a brief overview of the general structure of points and lines in PG(2, q) that
are closed under the right action of g. The ideas they present are used in Sections 8.2, 8.3,
8.4, 8.5, 8.6 and 8.7 to help describe the structure of points and lines that are closed under
the right action of g for specific instance of p.
Theorem 8.3. For (Tg, g) ∈ PGL(3, q), where 〈g〉 ∼= Zp and p is a prime, Proposition 7.2
and Propositon 8.1 produce the following structure.
(1) If |PG(2, q)| = pM + h, then there are pM1 + h points that are closed under the right
action of g and M2 sets of points of order p that are closed under the right action of g,
where M = M1 +M2.
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(2) If |PG(2, q)| = pM + h, then there are pM1 + h lines that are closed under the right
action of g and M2 sets of lines of order p that are closed under the right action of g,
where M = M1 +M2.
(3) If a line ` in PG(2, q) is closed under the right action of g and the point x is incident
with `, then every point in the orbit x〈g〉 is incident with `. Hence, if q + 1 = pN + k,
then there are pN1 + k points on ` that are closed under the right action of g and N2
sets of points of order p that are incident with ` and closed under the right action of g,
where N = N1 +N2.
(4) If a point x of PG(2, q) is closed under the right action of g and the line ` is incident
with x, then every line in the set
{`gi | i ∈ Np−1}
is incident with x. Hence, if q+ 1 = pN + k, then there are pN1 + k lines through x that
are closed under the right action of g and N2 sets of lines of order p that are incident
with x and closed under the right action of g, where N = N1 +N2.
Lemma 8.4. If a line ` is incident with two points that are closed under the right action
of (Tg, g) ∈ PGL(3, q), then the line ` is closed under the right action of g. Similarly, if a
point x is on two lines that are closed under the right action of (Tg, g) ∈ PGL(3, q), then
the point x is closed under the right action of g.
Proof The proof follows immediately from the incidence structure of points and lines in
the projective plane. See [6, Lemma 4.2]. 
Lemma 8.5. For (Tg, g) ∈ PGL(3, q), where 〈g〉 ∼= Zp and p is a prime, if three collinear
points x0 = P (X0), x1 = P (X1), x0 + ax1 = P (X0 + aX1) of PG(2, q) are closed under the
right action of g, then every point on the line that is incident with the points x0, x1 and
x0 + ax1 is closed under the right action of g.
Proof If Xg0 = αX0, X
g
1 = βX1 and (X0 + aX1)
g = γ(X0 + aX1), then (X0 + aX1)
g =
αX0 + βaX1; that is, γ = α = β. Hence, (X0 + bX1)
g = Xg0 + bX
g
1 = αX0 + αbX1. 
Note 8.6. In PG(2, q), if the line
L(X0, X1) = {P (Z) | Z ∈ {X0 + αX1 | α ∈ GF (q)} ∪X1}
through the points x0 = P (X0) and x1 = P (X1) is not incident with the point x = P (X),
then the q + 1 lines through x are
L(X,Z), ∀P (Z) ∈ L(X0, X1).
Lemma 8.7. For (Tg, g) ∈ PGL(3, q), where 〈g〉 ∼= Zp and p is a prime, if the three lines
` = L(X,X1), `0 = L(X,X0), `a = L(X,X0 +aX1) that pass through the point x = P (X) are
closed under the right action of g, then every line through x is closed under the right action
of g.
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Proof If `g = `, then Xg1 = δ(X + βX1). If `
g
0 = `0, then X
g
0 = δ0(X + β0X0). If `
g
a = `a,
then (X0 + aX1)
g = δ1(X + β1(X0 + aX1)) = (δ0 + aδ)X + δ0β0X0 + aδβX1. As X,X0, X1
are linearly independent, δ1β1 = δ0β0 = δβ.
Let `b = L(X,X0 + bX1) be an additional line through the point x. Then
(X0 + bX1)
g = δ0(X + β0X0) + aδ(X + βX1) = (δ0 + bδ)X + δ1β1(X0 + bX1);
that is, `gb = `b. 
Lemma 8.8. For (Tg, g) ∈ PGL(3, q), where 〈g〉 ∼= Zp and p is a prime, if n points of
PG(2, q) are closed under the right action of g, then at least n − 1 of these points are
collinear. As there are q + 1 points on a line, there are at most q + 2 points that are closed
under the right action of g.
Proof By Proposition 1.71, if g maps each point of a 4-arc to itself, then g ≡ I. If these n
points form an (n, r)-arc, where r < n− 1, then n ≥ r + 2 and the set of n points contains
a 4-arc by Proposition 7.3; hence, g ≡ I, a contradiction to 〈g〉 ∼= Zp. 
8.2 p = 2
Note 8.9. It is stated in [6, Theorem 4.3] that for a collineation T of order 2 in the projective
plane, every point that is fixed by T is incident with a line that is fixed by T and every line
that is fixed by T is incident with a point that is fixed by T.
This section goes further and describes the structure of points and lines that are closed
under the right action of a projectivity of order 2 in PG(2, q) for the cases ‘q is an odd prime’
and ‘q is an odd prime power’. The case of q = 2i is described in Sections 8.4 and 8.5.
Lemma 8.10. Let ` ba a line in PG(2, q > 2) that is closed under the right action of g,
where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Z2 and (δg)2 = I in GL(3, q), for some δ ∈ GF (q). Then
` is incident with two points that are closed under the right action of g.
Proof If the line ` is incident with more than two points that are closed under the right
action of g, then the proof is complete. Otherwise, ` is incident with two points x = P (X)
and y = P (Y ) that satisfy Xδg = αY and Y δg = βX and
X(δg)
2
= αY δg = αβX = X,
since (δg)2 = I in GF (q). Hence, β = 1
α
and the two points x + αy and x − αy are closed
under right of g. 
Theorem 8.11. The projective plane PG(2, q), where q is an odd prime, has q
2−1
2
distinct
sets of points and lines of order 2 and q+ 2 distinct points and lines, all of which are closed
under the right action of g, where (Tg, g) ∈ PGL(3, q) and 〈g〉 ∼= Z2. Further, the q+2 points
that are closed under the right action of g comprise q+1 collinear points and one other point
that is the intersection of q + 1 lines, each of which is closed under the right action of g.
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Proof For 〈g〉 ∼= Z2, every point x0 = P (X0) of PG(2, q) satisfies Xg0 = αX0 or Xg0 = αX1,
where P (X1) 6= P (X0) and Xg1 = βX0.
As q is an odd prime, q2 + q + 1 is odd and q + 1 is even. As q2 + q + 1 is odd, PG(2, q)
contains at least one point x0 = P (X0) and one line `0 that are closed under the right action
of g by Theorem 8.3. As q+1 is even, every point that is closed under the right action of g is
incident with an even number of lines that are closed under the right action of g by Theorem
8.3. As q + 1 is even, every line that is closed under the right action of g is incident with an
even number of points that are closed under the right action of g by Theorem 8.3.
Let Xg0 = αX0. Then X
g2
0 = α
2X0 and as g
2 = γI in GF (q), it follows that γ = α2.
Hence, Lemma 8.10 applies, with δ = 1
α
.
If x0 and `0 are incident, then, as q+ 1 is even the line `0 is incident with a second point
x1 that is closed under the right action of g and the point x0 is incident with a second line
`1 that is closed under the right action of g. As q+ 1 is even, the point x1 is incident with a
second line `2 that is closed under the right action g. The point intersecting the lines `1 and
`2 is closed under the right action of g and is distinct from the points x0 and x1.
If x0 and `0 are not incident, then the line `0 is incident with two points x1 and x2 that
are closed under the right action of g by Lemma 8.10. The line through the points x0 and
x1 and the line through the points x0 and x2 are closed under the right action of g.
Hence, PG(2, q) possesses three non-collinear points x0 = P (X0), x1 = P (X1), x2 =
P (X2) that satisfy X
g
0 = αX0, X
g
1 = βX1 and X2 = X2, where α
2 = β2 = 2 = 1
δ2
. The
equation t2 = 1 has two solutions in GF (q), so at least two of the values α, β,  are not
unique. Assume without loss of generality that α = β, then
(X0 + aX1)
g = Xg0 + aX
g
1 = α(X0 + aX1),
for all a ∈ {1, . . . , p − 1}; that is, every point on the line through the points x0 and x1 is
closed under the right action of g. A line through the point x2 is incident with exactly two
points that are closed under the right action of g and as such is itself closed under the right
action of g.
No additional points are closed under the right action of g by Lemma 8.8. 
Corollary 8.12. The projective plane PG(2, q), where q is an odd prime power, either has
the structure specified in Theorem 8.11 or there are exactly three points and three lines that
are closed under the right action of g, where (Tg, g) ∈ PGL(3, q) and 〈g〉 ∼= Z2. Further,
these three points are not collinear and the three lines are their bisecants.
Proof The existence of three such points and lines is demonstrated in the proof of Theorem
8.11 and as q is not a prime it is not possible to discard this case as it is in that proof. 
Note 8.13. For the special case of q = 2i, see Sections 8.4 and 8.5.
8.3 p = 3
8.3.1 q = 3N + 2
Theorem 8.14. In PG(2, q), where q = 3N + 2 and N > 0, there is exactly one point x
and one line ` that are closed under the right action of g, where (Tg, g) ∈ PGL(3, q) and
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〈g〉 ∼= Z3. Further, x and ` are not incident and all other points and lines are in subsets of
order 3 that are closed under the right action of g.
Proof If q = 3N + 2 and q + 1 = 3N , then q2 + q + 1 = 3M + 1. As |PG(2, q)| = 3M + 1,
there is at least one point and one line that are closed under the right action of g and there
are 3h1 + 1 points and 3h2 + 1 lines that are closed under the right action of g by Theorem
8.3.
As q + 1 = 3N , if a point is closed under the right action of g, then it is incident with
3N1 lines that are closed under the right action of g by Theorem 8.3. As q + 1 = 3N , if a
line is closed under the right action of g, then it is incident with 3N2 points that are closed
under the right action of g by Theorem 8.3.
If h1 > 0, then, by Lemma 8.8, there are at least three points on a line ` that are closed
under the right action of g. By Lemma 8.5, all points on the line ` are closed under the right
action of g; this gives h1 = N . As |PG(2, q)| = 3M+1, there is one additional point x that is
closed under the right action of g by Theorem 8.3; this gives the maximum number of q + 2
points that are closed under the right action of g. A line through the point x is incident with
exactly two points that are closed under the right action of g, a contradiction to q+ 1 = 3N ;
hence, h1 = 0.
If h2 > 0, then there are at least three lines through x that are closed under the right
action of g by Theorem 8.3. As q + 1 = 3N , each of these three lines is incident with at
least three points that are closed under the right action of g, a contradiction to h1 = 0.
Similarly, if x is on `, then at least three points on ` are closed under the right action of g,
a contradiction to h1 = 0; hence, h2 = 0. 
8.3.2 q = 3N + 1
Theorem 8.15. In PG(2, q), where q = 3N+1 and N > 0, there are 3h points and 3h lines
all of which are closed under the right action of g, where (Tg, g) ∈ PGL(3, q) and 〈g〉 ∼= Z3.
The possible values of h are h = 0, h = 1 or h = N + 1. All other points and lines are in
subsets of order 3 that are closed under the right action of g.
Proof If q = 3N + 1 and q+ 1 = 3N + 2, then q2 + q+ 1 = 3M . As |PG(2, q)| = 3M , there
are 3h1 points and 3h2 lines that are closed under the right action of g by Construction 8.3.
As q+ 1 = 3N + 2, if a point is closed under the right action of g, then it is incident with
3N1 + 2 lines that are closed under the right action of g by Theorem 8.3. As q+ 1 = 3N + 2,
if a line is closed under the right action of g, then it is incident with 3N2 + 2 points that are
closed under the right action of g by Theorem 8.3.
If h1 = 0 or h2 = 0, then there are no points or lines that are closed under the right
action of g.
If h1 = 1 or h2 = 1, then there are three non-collinear points that are closed under the
right action of g and the three bisecants of this trio are closed under the right action of g.
If h1 > 1 or h2 > 1, then, by Lemma 8.8, there are at least three points on a line `
that are closed under the right action of g. Hence, all points on the line ` are closed under
the right action of g by Lemma 8.5; this gives h1 = N + 1. As q + 1 = 3N + 2, there is
one additional point x that is closed under the right action of g. If a line is incident with
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the point x, then it is incident with two points that are closed under the right action of g
and as such is itself closed under the right action of g; hence, h2 = N + 1. This structure is
consistent with q + 1 = 3N + 2. 
Note 8.16. For the special case of q = 3i, see Section 8.4.
8.4 p > 3
If q = pN+k and q+1 = pN+k+1, where 1 ≤ k < p−1, then q2 +q+1 = pM+k2 +k+1.
Note 8.17. Lemma 8.8 suggests that there are at most six possibilities for the number of
points that are closed under the right action of g, where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p is
a prime and q > p > 3. These are as follows.
(i) No points are closed under the right action of g.
(ii) Exactly one point is closed under the right action of g.
(iii) Exactly two points are closed under the right action of g.
(iv) Exactly three non-collinear points are closed under the right action of g.
(v) All the points on some line are closed under the right action of g.
(vi) All the points on some line and some additional point are closed under the right action
of g.
It is known from [6, Theorem 4.9] that if every point on some line is closed under the
right action of g, then every line through some point is closed under the right action of g,
where (Tg, g) ∈ PGL(3, q). Dually, if every line through some point is closed under the right
action of g, then every point on some line is closed under the right action of g. By Lemma
8.18, the point closed linewise and the line closed pointwise under the right action of g are
not incident.
Lemma 8.18. In PG(2, q), if every point on some line is closed under the right action
of g, then there is an additional point that is closed under the right action of g, where
(Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p is a prime and q > p > 3. Further, every line through this
additional point is closed under the right action of g.
Proof As k + 1 > 1, if x is a point that is closed under the right action of g and x is on a
line that is closed under the right action of g, then the point x is on at least two lines that
are closed under the right action of g by Theorem 8.3.
Hence, if there is a line ` such that every point on ` is closed under the right action of
g, then the point x0 ∈ ` is on a line `0 6= ` that is closed under the right action of g and the
point x1 ∈ ` is on a line `1 6= ` that is closed under the right action of g.
The point intersecting the lines `0 and `1 is not on the line ` and it is closed under the
right action of g. 
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8.4.1 p divides k2 + k + 1
Theorem 8.19. In PG(2, q), if p divides k2 + k + 1, then no point or line is closed under
the right action of g, where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p > 3 is a prime and q = pn+ k
with n > 0. All points and lines are therefore in subsets of order p that are closed under the
right action of g.
Proof If p divides k2 + k + 1, then ph points are closed under the right action of g.
Suppose h > 0.
As p > 3, there is a line ` through at least p − 1 > 2 points that are closed under the
right action of g by Lemma 8.8. All pn+ k+ 1 points on the line ` are closed under the right
action of g by Lemma 8.5.
As k > 1, if a point is both closed under the right action of g and on a line that is closed
under the right action of g, then it is on at least three lines that are closed under the right
action of g by Theorem 8.3. Hence, a point x0 ∈ ` is on at least two lines `0 6= ` and `1 6= `
that are closed under the right action of g and a point x1 ∈ ` is on a line `2 6= ` that is closed
under the right action of g.
The point intersecting the lines `0 and `2 and the point intersecting the lines `1 and `2
are distinct, not on ` and closed under the right action of g, a contradiction to Lemma 8.8;
hence, h = 0.
If a line ` is closed under the right action of g, then p lines are closed under the right
action of g. The intersection of two of these lines is closed under the right action of g and
h > 0, a contradiction. 
Note 8.20. It is immediate that, if no point or line is closed under the right action of g,
where (Tg, g) ∈ PGL(3, q) and 〈g〉 ∼= Zp, then p divides k2 + k + 1.
8.4.2 q = pN + 1, q + 1 = pN + 2 or k = 1
Lemma 8.21. In PG(2, q), if k = 1, then there are either exactly three non-collinear points
that are closed under the right action of g or every point on some line is closed under the
right action of g, where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p is a prime and q > p > 3.
Proof If k = 1, then k2 + k + 1 = 3 and as p > 3, there must exists at least three points
and three lines that are closed under the right action of g. Either, these three points are
non-collinear or every point on some line is closed under the right action of g by Lemma
8.5 in which case there is an additional point that is closed under the right action of g by
Lemma 8.18. 
Lemma 8.22. In PG(2, q), if there are exactly three points and three lines that are closed
under the right action of g, then k = 1, where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p is a prime
and q > p > 3. Further, the three lines are the bisecants of the three points.
Proof If there are exactly three points and three lines that are closed under the right action
of g, then these three points must be non-collinear by Lemma 8.5. A line through any two
of these points must consist of exactly pN + 2 points by Theorem 8.3; hence, k = 1. 
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Lemma 8.23. In PG(2, q), if every point on a line ` is closed under the right action of g,
then k = 1, where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p is a prime and q > p > 3.
Proof By Lemma 8.18, there is at least one additional point that is closed under the right
action of g.
Suppose k + 1 > 2. If a point is closed under the right action of g and on a line that is
closed under the right action of g, then it is on at least three lines that are closed under the
right action of g by Theorem 8.3.
Hence, if there is a line ` such that every point on that line is closed under the right
action of g, then the point x0 ∈ ` is on at least two lines `0 6= ` and `1 6= ` that are closed
under the right action of g and the point x1 ∈ ` is on a line `2 6= ` that is closed under the
right action of g.
The point intersecting the lines `0 and `2 and the point intersecting the lines `1 and `2
are distinct, not on ` and closed under the right action g, a contradiction to Lemma 8.8.
Hence, k = 1. 
8.4.3 k2 + k + 1 = ph+ 1 or k = p− 1
Lemma 8.24. In PG(2, q), there is exactly one point x and one line ` that are closed under
the right action of g if and only if k = p − 1, where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p is a
prime and q > p > 3. This point and line are not incident.
Proof There is exactly one point and one line that are closed under the right action of g
only if k2 + k + 1 = ph+ 1.
There is exactly one point and one line that are closed under the right action of g if
k2 + k + 1 = ph + 1; because if k2 + k + 1 = ph + 1 and there are at least p + 1 > 4 points
that are closed under the right action of g, then at least three of these points are collinear
by Lemma 8.8 and all points on this line are closed under the right action of g by Lemma
8.5. Hence, k = 1 by Lemma 8.23, a contradiction to k = p− 1.
If k2 + k + 1 = ph+ 1, then k(k + 1) = ph. Hence, p must divide k or k + 1; as k < p, it
follows that k = p− 1. If k = p− 1, then k2 + k + 1 = p2 − p+ 1.
If the point x and line ` are incident, then as q + 1 = pN + p, the line ` is incident with
p > 3 points that are closed under the right action of g; hence, every point on ` is closed
under the right action of g by Lemma 8.5 and k = 1 by Lemma 8.23, a contradiction to
k = p− 1. 
8.4.4 Two points
Lemma 8.25. In PG(2, q), it is not possible for exactly two points to be closed under the
right action of g, where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p is a prime, and q > p > 3
Proof If exactly two points are closed under the right action of g, then the line joining
them contains exactly two points that are closed under the right action of g and as such is
itself closed under the right action of g; that is, k + 1 = 2 or k = 1. Hence, k2 + k + 1 = 3;
and as p > 3, there are at least three points that are closed under the right action of g; a
contradiction. 
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8.5 q = pi, i > 0
Lemma 8.26. In PG(2, pi), if ` is a line through two points x1 and x2 that are closed under
the right action of g, then every point on the line ` is closed under the right action of g,
where (Tg, g) ∈ PGL(3, pi), 〈g〉 ∼= Zp and p is a prime.
Proof If the points x1 and x2 are closed under the right action of g, then ` is closed under
the right action of g. As q + 1 = pi + 1, the line ` is incident with ph + 1 points that are
closed under the right action of g by Theorem 8.3. As p ≥ 2, the line ` is incident with at
least 3 points that are closed under the right action of g; hence, every point on the line ` is
closed under the right action of g by Lemma 8.5. 
Lemma 8.27. In PG(2, pi), if x is a point on two lines `1 and `2 that are closed under the
right action of g, then every line through the point x is closed under the right action of g,
where (Tg, g) ∈ PGL(3, pi), 〈g〉 ∼= Zp and p is a prime.
Proof If the lines `1 and `2 are closed under the right action of g, then x is closed under
the right action of g. As q + 1 = pi + 1, the point x is incident with ph + 1 lines that are
closed under the right action of g by Theorem 8.3. As p ≥ 2, the point x is incident with at
least 3 lines that are closed under the right action of g; hence, every line through the point
x is closed under the right action of g by Lemma 8.7. 
Theorem 8.28. In PG(2, pi), either all points on some line are closed under the right action
of g or exactly one point x is closed under the right action of g, where (Tg, g) ∈ PGL(3, q),
〈g〉 ∼= Zp and p is a prime. Similarly, either all lines through some point are closed under
the right action of g or exactly one line ` is closed under the right action of g. Further x and
` are incident.
Proof As q2 + q + 1 = p2i + pi + 1, there is at least one point x and one line ` that are
closed under the right action of g by Theorem 8.3.
If an additional point x0 is closed under the right action of g and `0 is the line through
the points x and x0, then every point on the line `0 is closed under the right action of g by
Lemma 8.26.
If a second additional point x1 is closed under the right action of g, then every line
through x1 is incident with two points that are closed under the right action of g. Hence,
every point of PG(2, q) is closed under the right action of g by Lemma 8.26; that is, g ≡ I,
a contradiction to 〈g〉 ∼= Zp.
If an additional line `0 is closed under the right action of g, then every line through the
intersection of the lines ` and `0 is closed under the right action of g by Lemma 8.27.
If a second additional line `1 is closed under the right action of g, then every point on
`1 is incident with two lines that are closed under the right action of g. Hence, every line
in PG(2, q) is closed under the right action of g, by Lemma 8.27, as such every point of
PG(2, q) is closed under the right of g; that is, g ≡ I, a contradiction to 〈g〉 ∼= Zp. 
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8.6 p = q + 1
This work is concerned with prime values of p. Hence, if p is prime, then q is a 2 power.
Lemma 8.29. In PG(2, 2i), if a point is closed under the right action of g, then either it
is incident with q + 1 lines that are closed under the right action of g or it is not incident
with any line that is closed under the right action of g, where (Tg, g) ∈ PGL(3, 2i), 〈g〉 ∼= Zp
and p is a prime. Similarly, if a line is closed under the right action of g, then either it is
incident with q + 1 points that are closed under the right action of g or it is not incident
with any point that is closed under the right action of g.
Proof By Theorem 8.3, if a point that is closed under the right action of g is incident with
a line that is closed under the right action of g, then it is incident with p = q + 1 lines that
are closed under the right action of g. Similarly, if a line that is closed under the right action
of g is incident with a point that is closed under the right action of g, then it is incident
with p = q + 1 points that are closed under the right action of g. 
Theorem 8.30. In PG(2, 2i), one point x and one line ` are closed under the right action of
g, where (Tg, g) ∈ PGL(3, 2i), 〈g〉 ∼= Zp and p is a prime. Further, x and ` are not incident.
Proof As (2i)2 + 2i + 1 = p2 − p + 1, there is at least one point x and one line ` that are
closed under the right action of g.
If x and ` are incident, then every point on ` and every line through x is closed under the
right action of g by Lemma 8.29. Every point on every line through x is also closed under
the right action of g by Lemma 8.29; that is, every point of PG(2, 2i) is closed under the
right action of g. This is a contradiction to Lemma 8.8. Hence, x and ` are not incident.
If x0 is a point that is not on ` and closed under the right action of g, then all points
on the line `0 through x and x0 are closed under the right action of g by Lemma 8.29. The
point intersecting the lines ` and `0 is closed under the right action g; hence, every point on
` is closed under the right action of g by Lemma 8.29. This is a contradiction to Lemma 8.8.
If x0 is a point on ` that is closed under the right action of g, then every point on ` is
closed under the right action of g by Lemma 8.29. Every point on every line through x is
closed under the right action of g by Lemma 8.29; that is, every point of PG(2, 2i) is closed
under the right action of g. This is a contradiction to Lemma 8.8.
If `0 is a line that is closed under the right action of g, then the point intersecting the
lines ` and `0 is closed under the right action of g. Hence, every point on ` and every point
on `0 is closed under the right action of g by Lemma 8.29. This is a contradiction to Lemma
8.8. 
8.7 p = q + k, k > 1
Theorem 8.31. In PG(2, q), no points and no lines are closed under the right action of g,
where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p is a prime and p = q + k.
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Proof If x is a point that is closed under the right action of g, then, by Theorem 8.3, every
line through x is closed under the right action of g; otherwise, there are q+k > q+1 distinct
lines through x. Likewise, every point on every line through x is closed under the right action
of g by Theorem 8.3; that is, every point of PG(2, q) is closed under the right action of g.
This is a contradiction to Lemma 8.8.
If ` is a line that is closed under the right action of g, then, by Theorem 8.3, every point
on ` is closed under the right action of g; otherwise, there are q+k > q+1 distinct points on
`. Likewise, every line through a point on ` is closed under the right action of g by Theorem
8.3; that is, every line in PG(2, q) is closed under the right action of g and this is equivalent
to every point of PG(2, q) being closed under the right action of g. This is a contradiction
to Lemma 8.8. 
Corollary 8.32. For p = q + k, where p is a prime and k > 1, there exists a projectivity
(Tg, g) ∈ PGL(3, q), where 〈g〉 ∼= Zp only if k2 − k + 1 = ph.
Proof As, q2 + q+ 1 = pM +k2−k+ 1, if no points and no lines are closed under the right
action of g, then k2− k+ 1 = ph; so, the projectivity g exists only if k2− k+ 1 by Theorem
8.31 
8.8 Results
The results of Sections 8.4 to 8.7 give Theorem 8.33 and Corollary 8.34.
Theorem 8.33. There are four possibilities for the number of points that are closed under
the right action of g, where (Tg, g) ∈ PGL(3, q), 〈g〉 ∼= Zp, p is a prime, q > p > 3 and
q2 + q + 1 = pM + k2 + k + 1.
(i) No points are closed under the right action of g if and only if p divides k2 + k + 1.
(ii) Exactly one point is closed under the right action of g if and only if k = p− 1.
(iii) Exactly three non-collinear points are closed under the right action of g only if k = 1.
(iv) All the points on some line and some additional point are closed under the right action
of g only if k = 1.
The condition k = 1 is satisfied only if exactly three non-collinear points are closed under
the right action or all the points on some line and some additional point are closed under
the right action of g.
Further, all other points are in subsets of order p that are closed under the right action
of g and generated by repeated applications of g to a single point.
Corollary 8.34. For q > p > 3, where p is a prime, there exists a projectivity (Tg, g) ∈
PGL(3, q), where 〈g〉 ∼= Zp only if q2 + q + 1 = pM , q = pN + 1 or q = pN + p− 1.
Proof By Theorem 8.33, there exists such a projectivity only if k2 + k + 1 = ph, k = 1 or
k = p− 1. 
Note 8.35. Corollary 8.32, Corollary 8.34, q = pi and p = q + 1 give all possible primes p
for which there exists a projectivity g ∈ PGL(3, q), where 〈g〉 ∼= Zp, for a given prime power
q.
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8.8.1 Connection to GL(3, q)
Note 8.36. For p a prime, if g ∈ GL(3, q) is such that gp = αI, then g−1 = 1
α
gp−1; hence
g ∈ PGL(3, q) and gp ≡ I in PGL(3, q). It follows immediately that the existence of such a
g ∈ GL(3, q) is dependent on the consistency of the structure of sets of points and lines in
PG(2, q) that are generated under the right action of the matrix g.
Theorem 8.37. For q > p > 3, where p is a prime, there exists a matrix g over GF (q) that
satisfies gp = αI, α 6= 0, only if q2 + q + 1 = pM , q = pN + 1 or q = pN + p− 1.
Proof If gp = αI, then g−1 = 1
α
gp−1; hence, (Tβg, βg) ∈ PGL(3, q). As (βg)p = βpgp =
βαI ≡ I in PGL(3, q), it follows that 〈βg〉 ∼= Zp. By Corollary 8.34, q2 + q + 1 = pM ,
q = pN + 1 or q = pN + p− 1. 
Theorem 8.38. For p = q + k, where p is a prime and k > 1, there exists a matrix g over
GF (q) that satisfies gp = αI, α 6= 0 only if q2 + q + 1 = pM ′.
Proof If gp = αI, then g−1 = 1
α
gp−1; hence, (Tβg, βg) ∈ PGL(3, q). As (βg)p = βpgp =
βαI ≡ I in PGL(3, q), it follows that 〈βg〉 ∼= Zp. By Corollary 8.32, k2 − k + 1 = ph; hence,
q2 + q + 1 = pM + ph. 
The matrices
I =
1 0 00 1 0
0 0 1
 , J =
0 0 10 1 0
1 0 0
 , K =
0 1 00 0 1
1 0 0

are elements of GL(3, q), for all prime powers q. The element J has order 2 and the element
K has order 3.
As
|GL(3, q)| = (q3 − q2)(q3 − q)(q3 − 1)
= (q − 1)3q3(q + 1)(q2 + q + 1),
if a prime p divides |GL(3, q)|, then one of the following holds:
p | q2 + q + 1, (8.1)
p | q − 1, (8.2)
p | q, (8.3)
p | q + 1, (8.4)
by Sylow’s Theorems. Property (8.1) is equivalent to q2 + q + 1 = pM in Theorem 8.37 and
Theorem 8.38. Property (8.2) is equivalent to q = pN + 1 and property (8.4) is equivalent
to q = pN + p − 1 in Theorem 8.37. The fact that the primes 2 and 3 must always divide
|GL(3, q)| is shown in (8.2), (8.3) and (8.4).
Note 8.39. The prime p used in Theorem 8.37 and Theorem 8.38 is bounded above by
q2 + q + 1.
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8.9 Application to (n, r)-arcs
Let S be an (n, r)-arc in PG(2, q) that is stabilized by a projectivity that is induced by a
matrix g with the property ‘gp ≡ I’, where p is a prime.
8.9.1 Restrictions on the form of n
As the previous sections give a complete description of the points that are closed under the
right action of g, for all possible configurations of p and q and as all points in S are either
closed under the right action of g or generate subsets of order p that are closed under the
right action of g, the following restrictions can be placed on n.
p = 3
If q = 3N + 2, then n = αp or n = 3α + 1. If q = 3N + 1 and h = 0 in Theorem 8.15, then
n = 3α. If q = 3N + 1 and h 6= 0 in Theorem 8.15, then n = 3α + i, where i ∈ {0, 1, 2}.
q > p > 3
If p | q2 + q+ 1, then n = αp. If p | q+ 1, then n = αp+ i, where i ∈ {0, 1}. If p | q− 1, then
in case (iii) of Theorem 8.33, n = αp+ i, where i ∈ {0, 1, 2, 3}. If p | q − 1, then in case (iv)
of Theorem 8.33, n = αp+ i, where i ∈ {0, 1, . . . ,min(r + 1, p− 1)}.
q = pi
If q = pi and exactly one point is closed under the right action of g, then n = αp+ i, where
i = {0, 1}; otherwise if every point on some line is closed under the right action of g, then
n = αp+ i, where i = {0, 1, . . . ,min(r, p− 1)}.
p = q + 1
If p = q + 1, then n = αp+ i, where i = {0, 1}.
p = q + k
If p = q + k, then n = αp.
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